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Measurement of the transport mean free path of diffusing photons
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We measure microwave intensity inside and transmission through random samples of polystyrene
spheres with different output reflectors. We show that with appropriate boundary conditions diffusion
theory gives an excellent description of transport from the interior to the output surface of a sample.
From these measurements we determine the transport mean free path and the surface reflectivities
without additional assumptions regarding the interface or the scattering form factor. From a compar-
ison with a measurement of the diffusion coefficient we determine the transport velocity and find that it
is smaller than the velocity in the high-index material.

The particle diffusion model is widely used to describe
the propagation of waves in multiply-scattering random
media.!”* It has been applied to calculate the functional
form of key aspects of electromagnetic propagation, such
as surface intensity profiles® which determine the shape of
the coherent backscattering cone®~’ and angular correla-
tion functions,®® the thickness dependence'® and tem-
poral distribution of reflection!! and transmission,'? and
spatial,’> ™17 spectral,’®'3~'® and temporal'>?® correla-
tion functions. Though qualitative agreement is obtained
between experiment and theory, fundamental questions
remain regarding the validity of the diffusion model as a
quantitative description of wave transport. After all,
diffusion is a local description, whereas the minimum
scale on which transport can be described in terms of the
average parameters which appear in the diffusion equa-
tion is the transport mean free path /, which is the length
scale on which the direction of propagation is random-
ized. Moreover, / has not previously been unambiguously
determined experimentally in the weak-scattering limit.
In general the evaluation of / has involved a host of as-
sumptions which are not inherent in diffusion theory.
Determinations of / based upon static measurements de-
pend upon interfacial properties such as the coefficient of
the internal reflectivity?! ~ 23 of the wave at the surface R,
and the nature of the randomization of the propagation
direction as the wave penetrates the sample,* which de-
pends upon the scattering form factor and the nature of
the interface. The determination of / from measurements
of the diffusion coefficient D in the time or frequency
domains is also not feasible in general because D depends
upon the effective transport velocity on a scale of the
mean free path, v=3D //.%¢ This velocity can be appreci-
ably different from the phase velocity v, whenever the
scatterers are not much smaller than the wavelength,
since the dwell time of photons within the scatterers can
be enhanced by microstructure resonances.

In this paper, we report the measurement of the mi-
crowave intensity distribution inside and transmission
through an ensemble of configurations of polystyrene
spheres. These measurements are compared to predic-
tions of the photon diffusion theory for samples with par-
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tially reflecting boundaries. We find that the measure-
ments are in agreement with the diffusion model with ap-
propriate boundary conditions not only in the interior of
the sample but also at the output surface of the sample.
These results allow us to determine /, R, and v without
making any additional assumptions regarding the nature
of scattering.

The sample is a loose-packed collection of 1-in. poly-
styrene spheres at a volume filling fraction of 0.56. The
spheres contain irregular air bubbles near their center
which are approximately 4.5% of the sphere volume.
The sample is 150 cm long and is contained between .-
in. plastic disks in two continuously rotated copper tubes
separated by a thin stationary section, all with diameters
of 7.3 cm. The tubes are rotated in order to tumble the
sample to facilitate configuration averaging. A schematic
of the experimental setup used to measure the intensity
inside the sample is shown in Fig. 1.

The microwave radiation at 18.5 GHz emanates from a
horn placed in the tube and facing the sample. A
reflector is placed behind the horn to enhance the signal
and to reduce the influence of small variations in the tube
diameter upon the intensity in the sample. The intensity
is detected using Schottky diode detectors. Intensity
values reported are the average of measurements accumu-
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FIG. 1. Schematic of experimental setup used to measure the
intensity profile inside the sample.
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lated in 1 h as the tubes rotate. Since the intensity corre-
lation time in the tumbling sample is approximately 5 ms,
this corresponds to the average of approximately 3 X 10°
independent intensity measurements at each position.

Measurements of intensity inside the sample are made
by placing a diode detector in a thin-walled plastic tube
in the stationary section between the rotating copper
tubes. The spacing of the detector from the output side
of the sample is adjusted by moving the medium down
the tubes while maintaining its overall length. This is
done by translating the plastic tube at the input and the
plunger at the output of the sample. Intensity measure-
ments are made in the sample with only a plastic end-
piece (output reflectivity R;) and with additional
reflecting copper plates placed in contact with the plastic
disk at the output of the sample (reflectivities R, and
R ;). These plates contain regularly spaced holes of 1-in.
(R,) and {-in. (R ;) diameter, which cover approximately
55% and 42% of the plate area, respectively. The inten-
sity measurements inside the sample for the three
reflectivities at the output are shown in Fig. 2. The
curves in the figure are a fit to the data using diffusion
theory, which will be described shortly.

Relative measurements of transmission through the
sample are also made for different boundary reflectors.
The transmission depends upon the photon distribution
and reflectivity at the output surface. The measurement
is made by placing the output face of the sample at the
input of a large box, which is mostly covered with
roughened aluminum foil and serves as an “integrating
box.” This is shown schematically in Fig. 3. The un-
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FIG. 2. Intensity profile inside a sample of randomly posi-
tioned %—in. polystyrene spheres for three different reflectivities
at the output of the sample. The solid lines are fits of Egs. (3)
and (8) to the data.
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FIG. 3. Schematic of the experimental setup used to measure
the relative transmission through the sample.

covered area is much larger than the cross-sectional area
of the sample so that only a small fraction of the
transmitted wave is reflected back into the sample. The
amount of aluminum is reduced sufficiently that the pres-
ence of the “integrating” sphere does not influence the in-
tensity inside the sample. Schottky diode detectors are
placed near the input of the box, but in the shadow of the
tube so that direct rays from the sample do not strike the
detector. Measurements of transmission, 7, in arbitrary
units are given in Table I. A comparison of the intensity
in Fig. 2 and the relative transmission in Table I will al-
low us to test diffusion theory and to find intrinsic propa-
gation parameters in this sample.

Since the walls of the tube in our experiment are made
of copper, which is a good reflector, the photon intensity
distribution inside the tube is the same as in a slab of
infinite transverse dimensions, provided that the sources
of photons in both systems have the same intensity per
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FIG. 4. Geometry used for the calculation of the intensity
profile inside the slab of random media. A plane wave incident
on the slab is replaced by a source of diffusive radiation posi-
tioned at distance z, from the input.
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TABLE 1. Values of T(L), I(L~), z,, and D for three
reflection coefficients.

T zo (cm) L) D
R, 0.400 5.93 0.290 8.17
R, 0.378 9.3 0.430 8.17
R, 0.366 13.9 0.606 8.40

unit area. We consider propagation through a slab of a
random medium of infinite extent in the x,y directions
situated between 0 <z < L. We assume that we are in the
weakly scattering regime in which k/ >>1, where k is the
magnitude of the photon wave vector, so that wave in-
terference does not influence average transport. We cal-
culate the intensity inside the slab I (z) using the diffusion
equation

1
2 2
VI (r)—a’I(r) DQ(r) , (1)

where a is the inverse absorption length and Q(r) is the
source function. We assume that the coherent radiation

J
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incident on the slab becomes randomized within a dis-
tance z,, which is shown in Fig. 4. We replace the in-
coming coherent flux by a source of diffusive radiation at
the plane z =z, with a strength equal to the incident flux.
The source function can be  written as
Q(r)=0(x,y)8(z —z,).

The diffusion equation can be solved once the bound-
ary conditions are specified. Since we assumed that there
is no incoming flux through the boundaries, the only flux
going from the boundary toward the inside of the slab is
the reflected part of the outgoing flux,?>?* i.e.,

J.(z=0")=—R,J_(z=0"),
J_(z=L7)=—R,J,(z=L7),

(2)

where R, and R, are reflection coefficients of the left (in-
put) and right (output) boundaries, correspondingly. For
the case of plane-wave incident radiation, the source
function Q(x,y) is a constant, Q(x,y)=gq, and the solu-
tion of Eq. (1) with the boundary conditions (2) can be
written in the form

I(z)= ;gl-)-[( 1+a’zyz,, )sinh(aL)+alzy; +z,, )cosh(aL)] !

[sinh(az)+azycosh(az)]{sinh[a(L —z,)]+azq,cosh[a(L —z,)]}, z<z,

[sinh(az,)+azgcosh(az,)]{sinh[a(L —z)]+azq,cosh[a(L —2)]}, z>z,,

where

2 1+R1,r
201,0r=§ 1-R,, @)

Usually boundary conditions for photon diffusion are
written not for fluxes but for intensities. In this case it is
incorrect to take zero intensity at the boundaries for
diffuse photons inside the medium."? To resolve this
problem, an extrapolation length z, beyond the boundary
in which the intensity drops to zero is generally intro-
duced. No such assumption is introduced a priori in ob-
taining Eq. (3). We can check, however, whether an ex-
trapolation length exists for the solution of Eq. (3) by
solving the following equations:

I(z=—z,)|,.0=0, I(z=L +z,)l,,,=0, (&)

sinh[a(z +2z,,)]/sinh[a(z, +2,)], z<z,
I(z2)=1I(z,)

I
where the subscripts / and r correspond to the left and
right boundaries of the sample. We find that when
R;, <R, where

R.=(1=2al/3)/(1+2al/3), (6)

Egs. (5) have the solutions

1

zb,’b,: Ez—ln (7)

1 +a20,)0, ‘

l—azgy,,

If, however, either R; or R, is greater than R, then the
intensity extrapolated beyond the corresponding bound-
ary never becomes zero, so that an extrapolation length
does not exist.

For R;,R, <R, Eq. (3) for the intensity distribution
can be simplified using Eq. (7) to give

sinh[a(L +z,,—z)]/sinh[a(L +2,,—2,)], z>z,, (8)
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with

inh[a(z, +z,;)]sinh[a(L +z,, —z,)
I )___Lsm [a zF: zy;) ]sinh[a 2, —2,)] ©
sinh[a(L +2z,+2z,)]

The total normalized transmission through the slab can
be expressed as

J transmited (L)
Jincidem
_1-R,

g

_ 1 sinh[a(z, +2z,)]sinh(az,,) 10)
~ar,, sinh[a(L +z,+z,,)]

T(L)=

Jo (L)

In our experiments we change the reflection coefficient
of the right boundary and report measurements for z > z,
only. Thus in the comparison of the theory to the experi-
ment the terms in Egs. (8) and (9) containing z,, are con-
stant, which can be combined as a single fitting parame-
ter. The fit will yield the values of R,, z,,, and z,, for
different boundary conditions. The subscript » will there-
fore be dropped in the discussion which follows. We also
note that in the case of a planewave incident on a slab of
a disordered medium in the absence of absorption and
reflection diffusion theory gives z, =2/ /3, whereas trans-
port theory gives the Milne result z, =0.7104.. "2 In the
comparison of theory and experiment below we change
the prefactor 2/ /3 in Eq. (4) to 0.7104/.

We can fit Egs. (3) and (8) independently to the experi-
mental data in Fig. 2. We use z,, and «a as fitting parame-
ters to Eq. (3) and z, and a as fitting parameters to Eq.
(8). The two fits almost exactly coincide and are shown
by the lines in Fig. 2. The values of z; and «, and z, and
a obtained from the fits for different reflectors are given
in Table II. The values of the absorption coefficient
found from both fits coincide within experimental uncer-
tainty. Using values of z; and a from the second and
third columns of Table II, one can obtain values of z,
from Eq. (7). These values coincide with the experimen-
tal values of z, given in the fourth column.

The mean free path can be obtained from z, using Eq.
(4), but the reflection coefficient must be known. To
determine the reflection coefficient we have measured the
relative transmission for three different reflectors. The
reflection coefficients can be obtained by comparing the
values of z, and of the relative transmission for two
different reflectors. We obtain a system of equations for
the reflection coefficients from Egs. (4) and (10),

TABLE II. Values of z; and a and z, and a obtained from
fitting Eqs. (3) and (8), respectively.
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zy'  (1+R;)(1—R;)

zf’  (1—R)(1+R;)’

TV/J(LT)  1-R,
TV/J'(L™) 1—R;
(1

Here indices i,j correspond to the reflection coefficient
R, ;. The comparison of data for any pair of reflectors al-
lows us to find their reflectivities using Egs. (11). We
then use the values of z; from Table II and Eq. (4) to find
the mean free path. Since there are three combinations of
pairs of reflectors we have three separate determinations
of the mean free path. These results are presented in
Table III. Taking the average value of / from Table III
gives [ =6.4310.27 cm.

The transport velocity is found from a determination
of the diffusion coefficient obtained by fitting the photon
diffusion model to measurements of the intensity auto-
correlation and cross-correlation functions with frequen-
cy shift in the 18—-19 GHz range using the value of «a
from Table II and D as a fitting parameter. The theoreti-
cal expressions for the correlation functions include the
field factorization term and the leading-order correction
found by the Langevin approach.!®!” The fit gives
D =(4.0£0.2)x 10" cm?/s and v=3D/I
=(1.86+0.18)X 10! cm/s. This value of v is 25% less
than the effective-medium approximation, indicating that
microscopic resonances in the sample significantly retard
energy transport even in the present high-density limit.

The adequacy of the photon diffusion theory near the
output surface is tested by relating intensity values at the
sample surface to the transmission for the three
reflectors. From the boundary conditions (2) and Eq. (10)
we get a relationship between the total transmission and
the intensity at the output boundary,

T(L)zo/I(L7)=D/q . (12)

This ratio is independent of the surface reflectivity.
I(L ™) is obtained from the extrapolation of the lines in
Fig. 2 to L —z =0. The consistency of our experiments
with the predictions of diffusion theory can be verified by
taking T(L), I(L ), and z, and checking to see if the ra-
tio in Eq. (12) gives a constant result for the three
reflectors. In our experiments we measure relative values
of total transmission T(L) and intensity I(z) and more-
over g is not known. Thus the ratio of Eq. (12) does not
give the diffusion constant but only a constant D propor-
tional to D. The value of D, however, should not depend
on reflectivity. The values of T(L), I(L ~), z,, and D are
listed in Table I. To within 3%, D does not depend on

TABLE III. Values of the mean free path and reflection
coefficients recovered from Egs. (11) and (4). In the first column
pairs of reflection coefficients used in Eq. (11) to obtain each
value of / are indicated.

zo (cm) a (ecm™') z, (cm) a (ecm™!) R, R, R, I (cm)
R, 5.93+0.21 0.0259+0.0007 5.98+0.20 0.0259+0.0007 R,R, 0.155 0.364 0.524 6.11
R, 9.30£0.20 0.0272+0.0004 9.50%0.24 0.0272+0.0004 R,R; 0.132 0.343 0.507 6.40
R; 139+1.1 0.0263+0.0014 14.6+1.3 0.0263+0.0014 R,,R,; 0.104 0.318 0.486 6.77
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internal reflectivity as predicted by diffusion theory.
Similar results were obtained using different “integrating
boxes.”

In conclusion, we find that the extrapolation of intensi-
ty measurements in the interior of a sample to the output
surface are in excellent agreement with measurements of
transmission through the sample when these results are
described by photon diffusion theory with appropriate
boundary conditions. These results show that diffusion
theory gives a quantitative description of electromagnetic
propagation from the bulk to the output surface. This al-
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lows us to determine the transport mean free path and
the internal reflectivity. A comparison with measure-
ments of the diffusion coefficient allows us to determine
the transport velocity, which gives the connection be-
tween dynamic and static transport parameters.
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FIG. 1. Schematic of experimental setup used to measure the
intensity profile inside the sample.
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FIG. 3. Schematic of the experimental setup used to measure
the relative transmission through the sample.



