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Abstract: At the plasmon resonance, high Joule losses in a metal 
nanoparticle of a spaser result in its low Q-factor. Due to the latter, to 
achieve the spasing regime, in which the number of coherent plasmons 
exceeds the number of incoherent plasmons, unsustainably high pump rates 
may be required. We show that under the condition of loss compensation by 
a spaser driven by an external optical wave, the number of coherent 
plasmons increases dramatically, and the quantum noise is suppressed. 
Since the compensation of losses of the driving wave may occur even near 
the spasing threshold, the number of coherent plasmons may exceed the 
number of spontaneously excited plasmons at achievable pump rates. 

©2015 Optical Society of America 

OCIS codes: (240.6680) Surface plasmons; (350.4238) Nanophotonics and photonic crystals; 
(240.4350) Nonlinear optics at surfaces. 

References and links 
1. D. J. Bergman and M. I. Stockman, “Surface Plasmon Amplification by Stimulated Emission of Radiation: 

Quantum Generation of Coherent Surface Plasmons in Nanosystems,” Phys. Rev. Lett. 90(2), 027402 (2003). 
2. I. E. Protsenko, A. V. Uskov, O. A. Zaimidoroga, V. N. Samoilov, and E. P. O’Reilly, “Dipole nanolaser,” Phys. 

Rev. A 71(6), 063812 (2005). 
3. M. I. Stockman, “Nanoplasmonics: past, present, and glimpse into future,” Opt. Express 19(22), 22029–22106 

(2011). 
4. A. P. Vinogradov, E. S. Andrianov, A. A. Pukhov, A. V. Dorofeenko, and A. A. Lisyansky, “Quantum 

plasmonics of metamaterials: loss compensation using spasers,” Phys. Usp. 55(10), 1046–1053 (2012). 
5. V. M. Parfenyev and S. S. Vergeles, “Intensity-dependent frequency shift in surface plasmon amplification by 

stimulated emission of radiation,” Phys. Rev. A 86(4), 043824 (2012). 
6. V. Apalkov and M. I. Stockman, “Proposed graphene nanospaser,” Light Sci. Appl. 3(7), e191 (2014). 
7. O. L. Berman, R. Y. Kezerashvili, and Y. E. Lozovik, “Graphene nanoribbon based spaser,” Phys. Rev. B 

88(23), 235424 (2013). 
8. Y. E. Lozovik, I. A. Nechepurenko, A. V. Dorofeenko, E. S. Andrianov, and A. A. Pukhov, “Spaser 

spectroscopy with subwavelength spatial resolution,” Phys. Lett. A 378(9), 723–727 (2014). 
9. J. B. Khurgin and G. Sun, “Injection pumped single mode surface plasmon generators: threshold, linewidth, and 

coherence,” Opt. Express 20(14), 15309–15325 (2012). 
10. J. B. Khurgin and G. Sun, “Practicality of compensating the loss in the plasmonic waveguides using 

semiconductor gain medium,” Appl. Phys. Lett. 100(1), 011105 (2012). 
11. A. Boltasseva and H. A. Atwater, “Materials science. Low-Loss Plasmonic Metamaterials,” Science 331(6015), 

290–291 (2011). 
12. J. B. Khurgin, “How to deal with the loss in plasmonics and metamaterials,” Nat. Nanotechnol. 10(1), 2–6 

(2015). 
13. D. Li and M. I. Stockman, “Electric Spaser in the Extreme Quantum Limit,” Phys. Rev. Lett. 110(10), 106803 

(2013). 
14. R. F. Oulton, V. J. Sorger, T. Zentgraf, R.-M. Ma, C. Gladden, L. Dai, G. Bartal, and X. Zhang, “Plasmon lasers 

at deep subwavelength scale,” Nature 461(7264), 629–632 (2009). 
15. Y.-J. Lu, J. Kim, H.-Y. Chen, C. Wu, N. Dabidian, C. E. Sanders, C.-Y. Wang, M.-Y. Lu, B.-H. Li, X. Qiu, W.-

H. Chang, L.-J. Chen, G. Shvets, C.-K. Shih, and S. Gwo, “Plasmonic Nanolaser Using Epitaxially Grown Silver 
Film,” Science 337(6093), 450–453 (2012). 

#241656 Received 25 May 2015; revised 2 Aug 2015; accepted 6 Aug 2015; published 13 Aug 2015 
(C) 2015 OSA 24 Aug 2015 | Vol. 23, No. 17 | DOI:10.1364/OE.23.021983 | OPTICS EXPRESS 21983 



16. J. Y. Suh, C. H. Kim, W. Zhou, M. D. Huntington, D. T. Co, M. R. Wasielewski, and T. W. Odom, “Plasmonic 
Bowtie Nanolaser Arrays,” Nano Lett. 12(11), 5769–5774 (2012). 

17. W. Zhou, M. Dridi, J. Y. Suh, C. H. Kim, D. T. Co, M. R. Wasielewski, G. C. Schatz, and T. W. Odom, “Lasing 
action in strongly coupled plasmonic nanocavity arrays,” Nat. Nanotechnol. 8(7), 506–511 (2013). 

18. F. van Beijnum, P. J. van Veldhoven, E. J. Geluk, M. J. A. de Dood, G. W. ’t Hooft, and M. P. van Exter, 
“Surface Plasmon Lasing Observed in Metal Hole Arrays,” Phys. Rev. Lett. 110(20), 206802 (2013). 

19. Y.-J. Lu, C.-Y. Wang, J. Kim, H.-Y. Chen, M.-Y. Lu, Y.-C. Chen, W.-H. Chang, L.-J. Chen, M. I. Stockman, 
C.-K. Shih, and S. Gwo, “All-Color Plasmonic Nanolasers with Ultralow Thresholds: Autotuning Mechanism 
for Single-Mode Lasing,” Nano Lett. 14(8), 4381–4388 (2014). 

20. V. M. Shalaev and A. K. Sarychev, Electrodynamics of Metamaterials (World Scientific, 2007). 
21. S. I. Bozhevolnyi, ed., Plasmonic Nanoguides and Circuits (Pan Stanford Publishing, 2008). 
22. W. Cai and V. Shalaev, Optical Metamaterials: Fundamentals and Applications (Springer, 2010). 
23. S. A. Ramakrishna and J. B. Pendry, “Removal of absorption and increase in resolution in a near-field lens via 

optical gain,” Phys. Rev. B 67(20), 201101 (2003). 
24. A. K. Popov and V. M. Shalaev, “Compensating losses in negative-index metamaterials by optical parametric 

amplification,” Opt. Lett. 31(14), 2169–2171 (2006). 
25. M. A. Noginov, V. A. Podolskiy, G. Zhu, M. Mayy, M. Bahoura, J. A. Adegoke, B. A. Ritzo, and K. Reynolds, 

“Compensation of loss in propagating surface plasmon polariton by gain in adjacent dielectric medium,” Opt. 
Express 16(2), 1385–1392 (2008). 

26. A. N. Lagarkov, A. K. Sarychev, V. N. Kissel, and G. Tartakovsky, “Superresolution and enhancement in 
metamaterials,” Phys. Usp. 52(9), 959–967 (2009). 

27. E. S. Andrianov, D. G. Baranov, A. A. Pukhov, A. V. Dorofeenko, A. P. Vinogradov, and A. A. Lisyansky, 
“Loss compensation by spasers in plasmonic systems,” Opt. Express 21(11), 13467–13478 (2013). 

28. S. Wuestner, A. Pusch, K. L. Tsakmakidis, J. M. Hamm, and O. Hess, “Overcoming Losses with Gain in a 
Negative Refractive Index Metamaterial,” Phys. Rev. Lett. 105(12), 127401 (2010). 

29. E. S. Andrianov, A. A. Pukhov, A. V. Dorofeenko, A. P. Vinogradov, and A. A. Lisyansky, “Forced 
synchronization of spaser by an external optical wave,” Opt. Express 19(25), 24849–24857 (2011). 

30. M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University Press, 1997). 
31. Y. I. Khanin, Fundamentals of laser dynamics (Cambridge international science publishing, 2006). 
32. O. Hess, J. B. Pendry, S. A. Maier, R. F. Oulton, J. M. Hamm, and K. L. Tsakmakidis, “Active nanoplasmonic 

metamaterials,” Nat. Mater. 11(7), 573–584 (2012). 
33. E. S. Andrianov, A. A. Pukhov, A. V. Dorofeenko, A. P. Vinogradov, and A. A. Lisyansky, “Dipole Response of 

Spaser on an External Optical Wave,” Opt. Lett. 36(21), 4302–4304 (2011). 
34. E. S. Andrianov, A. A. Pukhov, A. P. Vinogradov, A. V. Dorofeenko, and A. A. Lisyansky, “Modification of the 

resonance fluorescence spectrum of a two-level atom in the near field of a plasmonic nanoparticle,” JETP Lett. 
97(8), 452–458 (2013). 

35. R. H. Pantell and H. E. Puthoff, Fundamentals of quantum electronics (Wiley, 1969). 
36. E. S. Andrianov, A. A. Pukhov, A. V. Dorofeenko, A. P. Vinogradov, and A. A. Lisyansky, “Rabi oscillations in 

spasers during nonradiative plasmon excitation,” Phys. Rev. B 85(3), 035405 (2012). 
37. E. S. Andrianov, A. A. Pukhov, A. V. Dorofeenko, A. P. Vinogradov, and A. A. Lisyansky, “Spectrum of 

surface plasmons excited by spontaneous quantum dot transitions,” Sov. Phys. JETP 117(2), 205–213 (2013). 
38. L. Novotny and B. Hecht, Principles of Nano-Optics (Cambridge University Press, 2006). 
39. P. B. Johnson and R. W. Christy, “Optical Constants of the Noble Metals,” Phys. Rev. B 6(12), 4370–4379 

(1972). 
40. E. D. Palik, Handbook of Optical Constants of Solids (Academic Press, 1985). 
41. A. A. Lisyansky, E. S. Andrianov, A. V. Dorofeenko, A. A. Pukhov, and A. P. Vinogradov, “Forced Spaser 

Oscillations,” Proc. SPIE 8457, 0X1–0X16 (2012). 
42. L. D. Landau, E. M. Lifshitz, and L. P. Pitaevskii, Electrodynamics of Continuous Media (Butterworth-

Heinemann, 1995). 
43. A. A. Kolokolov and G. V. Skrotskii, “Interference of reactive components of an electromagnetic field,” Sov. 

Phys. Usp. 35(12), 1089–1093 (1992). 
44. E. M. Purcell, H. C. Torrey, and R. V. Pound, “Resonance Absorption by Nuclear Magnetic Moments in a 

Solid,” Phys. Rev. 69(1-2), 37–38 (1946). 
45. S. Sachdev, “Atom in a damped cavity,” Phys. Rev. A 29(5), 2627–2633 (1984). 
46. M. A. Noginov, G. Zhu, A. M. Belgrave, R. Bakker, V. M. Shalaev, E. E. Narimanov, S. Stout, E. Herz, T. 

Suteewong, and U. Wiesner, “Demonstration of a spaser-based nanolaser,” Nature 460(7259), 1110–1112 
(2009). 

47. D. G. Baranov, E. S. Andrianov, A. P. Vinogradov, and A. A. Lisyansky, “Exactly solvable toy model for 
surface plasmon amplification by stimulated emission of radiation,” Opt. Express 21(9), 10779–10791 (2013). 

1. Introduction 

In the last decade, the plasmonic analog of the laser, the spaser [1], has attracted much 
attention [2–8]. Although unambiguous experimental realizations of a single 3-D confined 
subwavelength spaser have not yet been accomplished, the physics of spasers is very rich and 

#241656 Received 25 May 2015; revised 2 Aug 2015; accepted 6 Aug 2015; published 13 Aug 2015 
(C) 2015 OSA 24 Aug 2015 | Vol. 23, No. 17 | DOI:10.1364/OE.23.021983 | OPTICS EXPRESS 21984 



potential applications motivate continuing studies. In Refs [9, 10]. it was shown that near the 
spaser generation threshold, the number of coherent plasmons is much smaller than the 
number of incoherent plasmons. Therefore, to achieve a signal-to-noise ratio greater than 
unity, a pump rate much greater than the threshold value is required. For conventional 
semiconductor active media, such a pump rate would lead to destruction of the spaser [9–12]. 
A possible solution for this situation could be an increase in the efficiency of an active 
medium, as was suggested in Ref [13], in which the use of ballistic quantum wires with low-
levels of quantum fluctuations was proposed. 

It seems, however, that a single 3-D confined autonomously generating spaser may only 
have a limited use [3, 9, 10, 13]. The use of a spaser array distributed in metamaterials may 
have much better perspective [14–19]. Metamaterials are expected to have numerous 
promising applications in all-optical and optoelectronic devices that have been broadly 
discussed [20–22]. However, as of today, the suggested applications of metamaterials cannot 
be realized due to high Joule losses. To overcome this problem and compensate for losses it 
was proposed to incorporate an active medium into the material matrix [23–26]. Since all 
known metamaterials contain metal elements, active molecules coupled to the metal elements 
may transform the system into a composite filled with spasers. In this case, each spaser is 
subjected to an external field, which is either the field of neighboring spasers or an external 
field. The coherent component of oscillations of the spaser dipole moment is determined not 
only by the generation of the respective mode due to incoherent pumping but also by the 
moment induced by the external field. Obviously, increasing the external field amplitude 
would result in an increase of the signal-to-noise ratio. However, this may also increase losses 
in the system. Thus, loss compensation along with suppressed noise may not be possible to 
achieve by simply increasing the amplitude of the external field. Currently, the question 
whether this desirable situation can be realized remains opened. 

It was shown that an exact compensation of both the work of the external field 
synchronizing the spaser and Joule loss of this field in the spaser can be attained for a pump 
rate below the threshold [27, 28]. Thus, a pump rate insufficient for undamped self-
oscillations of an autonomous spaser can be adequate for both maintaining undamped 
plasmon oscillations and compensating for Joule loss of an external field in the driven spaser. 
This happens due to a decrease of the amplitude of plasmon field oscillations so that their 
own Joule losses become smaller. The compensation can be observed in an external field with 
an amplitude that depends on the pumping rate and the frequency. 

In Ref [27], however, the spontaneous generation of plasmons was ignored. It is only 
natural to expect that below the threshold, the power of the spontaneous generation would 
substantially exceed the power of the generation of coherent plasmons initiated by an external 
wave, due to the smallness of the wave amplitude required for loss compensation. Thus, there 
is a risk that the signal-to-noise ratio would be much smaller than unity similar to the 
autonomous spaser near the generation threshold. This would make spasers completely 
unusable for loss compensation. In this paper, we show that this is not so. 

We obtain the conditions at which both the regime for loss compensation and the 
prevalence of undamped coherent plasmon oscillations over incoherent oscillations are 
realized. As a result, a wave may propagate in a metamaterial without attenuation because it 
is being fed coherently by spasers using the energy of incoherent pumping. 

2. Hamiltonian of the driven spaser 

To introduce notations and remind the main equations and approaches describing spaser 
dynamics, we first review the dynamics of a spaser under the influence of an external optical 
field [29]. For the sake of generality, we model an active medium of a spaser as a two-level 
system (TLS). In reality, active media are multilevel. Among those levels are two working 
levels for which the frequency coincides with the frequency of the resonator mode. As a rule, 
the transition rate to the working levels is much greater than the relaxation rate from the 
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working levels to other levels [30]. Therefore, one can treat an active medium as a TLS with 
an effective population inversion and an effective pumping rate [31]. Specifically for spasers 
it was shown that using three- and four-level systems does not produce new effects [5, 32]. 
We assume that the distance between the plasmonic nanoparticle (NP) and the TLS is much 
smaller than the photon wavelength in vacuum so that these interact via the near field dipole 
interaction. We also assume that the TLS transition frequency, TLSω , coincides with the 

plasmon resonance of the dipole mode of the NP, .SPω The dynamics of the coupled TLS and 

NP in the external field can be described by the model Hamiltonian [33, 34] 

 ˆ ˆ ˆ ˆ ˆ ˆ ,NP TLS TLS NP TLS w NP wH H H V V V− − −= + + + +  (1) 

where †ˆ ˆ ˆNP SPH a aω=   and †ˆ ˆ ˆTLS TLSH ω σ σ=   are Hamiltonians of NP’s surface plasmons 

and the TLS, respectively, â  and †â  are plasmon annihilation and creation operators, σ̂  is 

the transition operator between ground g  and excited e  states of the TLS. The operator 

( )ˆ ˆ ˆ ˆ ˆ ˆTLS NP TLS NP RV a aσ σ+ +
− = − ⋅ = Ω +d E   describes the interaction of the TLS dipole moment 

†ˆ ˆ ˆ( )TLS TLS σ σ= +d μ  with the NP, | |TLS e e g= rμ  is the TLS dipole moment matrix 

element, and ˆ ˆ
TLS w TLSV − = − ⋅d E  and ˆ ˆ

NP w NPV − = − ⋅d E  determine interactions of the TLS and 

NP dipole moments with the field E of the external wave, respectively, where 
†ˆ ˆ ˆ( )NP NP a a= +d μ . Denoting /TLS− ⋅E μ   as Ω , we have †ˆ ˆ ˆ( ).TLS wV σ σ− = Ω +  We assume 

that the dipole moments of the TLS and the NP are collinear, then the operator T̂LS wV −  takes 

the form [34] 

 ˆ ˆ ˆ( ),NP wV a aα +
− = Ω +  (2) 

where /NP TLSα = μ μ . 

Using the Heisenberg approach one can obtain a system of equations governing the time 
evolution of the operators. By doing this, we arrive at the well-known Maxwell-Bloch 
equations [1, 2, 4, 34] 

 
( )† † †

0
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 ( ) 2 ( ) ( ),R D DD i a a i D D F tσ σ σ σ γ= Ω − + Ω − − − +


 (3) 

 
ˆ ˆ ˆˆ ˆ ˆ( ) ( ), ,Ri i aD i D F tσ σσ δ γ σ= − + Ω + Ω +



 (4) 

 
ˆˆ ˆ ˆ( ) ( ),a R aa i a i i F tγ σ α= Δ − − Ω − Ω +



 (5) 

where the operator †ˆ ˆ ˆ ˆ ˆ[ , ] e gD n nσ σ= = − , describes the TLS population inversion, 

a TLSδ ω ω= −  and a SPω ωΔ = −  are frequency detunings of the TLS transition and the surface 

plasmons excitation from the frequency of spaser auto-oscillation, and the operator 0D̂  

characterizes the magnitude of pumping [30, 35]. We assume that SP TLS aω ω ω≈ ≈ . In Eqs. 

(3)-(5), following Refs [1, 2, 36, 37] dissipative and pumping terms are introduced 
phenomenologically by incorporating relaxation rates, ,σγ  and aγ , for the respective 

quantities. The noise terms ˆ ( )F tσ , ˆ ( )aF t , and ˆ ( )DF t  with zero mean value have been 

introduced according to the fluctuation dissipative theorem [30]. The presence of dissipative 
and noise terms indicates an interaction with a reservoir. In the case of spasers, there are two 
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reservoirs: photons in free space and thermal phonons in the metal NP and the TLS. We 
assume that the main loss in the system is due to Joule loss in the metal. Note that radiation 
losses can be neglected for small particles only [38]. The critical size of the particle depends 
on its material. For gold, the critical size is ~50 nm [39], for silver it is ~30-40 nm [40]. For 
NPs of sizes greater than 50 nm, radiation and Joule losses are comparable. However, even in 
this case system of Eqs. (3)-(5) does not change. Thus, loss due to radiation only affects the 
constant aγ  and does not change the character of the attenuation. 

In Eqs. (3)-(5), plasmon annihilation and TLS transition operators are represented as 

( )ˆ( ) exp aa t i tω−  and ( )ˆ ( ) exp at i tσ ω− , respectively, where ˆ( )a t  and ˆ ( )tσ  are slowly varying 

amplitudes. We use the rotating wave approximation [35], in which fast-oscillating terms 
proportional to exp( 2 )ai tω±  are neglected. Solving an operator system of Eqs. (3)-(5) is a 

complicated task. The usual approach involves replacing operators by c-numbers, ( )a t , ( )tσ  

and ( )D t , and uncoupling their correlators [3]. However, in this procedure, information of 

the incoherent component of surface plasmons arising due to spontaneous generation is lost. 
In order to take into account incoherent plasmons, instead of replacing operators by c-

numbers, one can move from operator Eqs. (3)-(5) to equations for expected values retaining 
all correlations [29, 37]. 

 ( )† † †
0

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 ( ) 2 ( )R D

d
D i a a i D D

dt
σ σ σ σ γ= Ω − + Ω − − − , (6) 

 ˆ ˆˆ ˆ ˆ( ) R

d
i i aD i D

dt σσ δ γ σ= − + Ω + Ω , (7) 

 ˆ ˆ ˆ( )a R

d
a i a i i

dt
γ σ α= Δ − − Ω − Ω , (8) 

In contrast to the semiclassical Eqs. (6)-(8), these are exact equations correctly describing the 
Purcell effect. However, the new system of equations contains averages of products of 

operators ( †ˆ ˆa σ , †ˆ âσ , ˆâD ) for which we need additional equations. Using the 

Heisenberg approach we can easily obtain the corresponding operator equations and transition 
to the equations for expected values that contain new averages of products of operators (e.g., 

†ˆ ˆ ˆ,a aσ  and † †ˆ ˆ ˆa aσ ). This results in an infinite chain of equations. Below we consider spaser 

behavior near or below the threshold at which spasing begins. We call this the first spasing 
threshold, (1)

0thD , as opposed to the second threshold, (2)
0thD , at which the number of coherent 

plasmons becomes of the same order as the number of incoherent plasmons. Near (1)
thD , due 

to large Joule losses in the NP ( 14 110a sγ −  and R aγΩ  ), the number of the excited 

plasmons is small, ( )2†ˆ ˆ ~ / 1.aa a α γΩ ≤  Thus, we may limit our consideration to the 

Hilbert space containing states without plasmons and states with one plasmon. In this 
approximation, the expected values of operators containing two or more plasmon creation 

(annihilation) operators (e.g., 2ˆˆ ˆDaσ +  or 2ˆˆ ˆa Da+ ) are neglected [34]. As a result, we 

obtain a closed system of equations for expected values of the operators 
† † † † † †ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, , , , , , , ,a a aD a D a a a aσ σ σ σ  † † †ˆˆ ˆ ˆ ˆ ˆ ˆ, , , ,a a D a aσ σ  and † ˆˆ ˆa Da : 
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( )

( )

( ) ( )

( ) ( )

( ) ( )

0

ˆ ˆ ˆ ,

ˆ ˆˆ ˆ ˆ ,

ˆ ˆˆ ˆ ˆ ˆ

ˆˆ ˆ ˆ ˆ ˆ2 ,

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ/ 2 / 2 2 ,

ˆ ˆ ˆ ˆ ˆ2

a R

R

D R a D

R

a

a

d
a i a i i

dt

d
i i aD i D

dt

d
aD D a i i aD

dt

i a a i D i a

d
a a i a i aD i a a i a i a Da

dt

d
a a i a a a

dt

σ

σ

γ σ α

σ δ γ σ

γ σ γ γ

σ α σ

σ δ γ γ σ α σ

α γ

+ +

+ + + +

+ + +

= Δ − − Ω − Ω

= − + Ω + Ω

= + Ω + − Δ − −

+ Ω − Ω − Ω

= Ω + Ω + − − − Ω − Ω

= Ω − − ( )

( ) ( )

( )
( )( )

( ) ( ) ( )
( ) ( )

0

0

ˆ ˆ ˆ ˆ ˆ ,

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ2 2 ,

ˆ ˆˆ ˆ ˆ / 2

ˆˆ ˆ ˆ ˆ / 2,

ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2

ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ2

D D

a

D a D

a i a a

d
D i D i a a D

dt

d
a i i a D i D

dt

i a i a Da i

d
a Da ia aD a D i a a a a

dt

D a a i a a a Da

σ

σ σ

σ σ γ σ σ γ

σ α σ

δ γ γ σ

σ σ

γ σ σ γ γ

+ +

+ + +

+ +

+ +

+ + + + +

+ + + +

− Ω −

= Ω − − + Ω − +

= Ω + Ω + Ω

+ − Δ − − + Ω + Ω

= Ω − + Ω −

+ + Ω − − + .
 (9) 

This system allows one to analyze the response of the spaser dipole moment to the external 

field in the low quantum regime. In particular, 
2

â  describes the energy of coherent 

oscillations, whereas ˆ ˆa a+  describes the total energy of oscillations. Note that the obtained 

system takes into account both dissipation, via the attenuation constants, , ,D σγ γ  and aγ , and 

noise, via operator correlators. 
For further calculation we use the parameter values that are usual for spasers [9, 10, 38]: 

14 110a sγ −= is the value of the damping constant of plasmons in the NP, 11 110 sσγ −=  is the 

dissipation rate of the TLS, the Rabi constant of the interaction between dipole moments of 
the NP and the TLS is 13 110R s−Ω = . The value of the pumping rate Dγ  is related to the 

inversion 0D  by the relation 0 02 (1 ) / (1 )D D Dσγ γ= + −  (see below). Experimental 

realizations of different values of these parameters is discussed in Conclusions. 

3. Spaser driven by an external wave 

The spaser interaction with an external field is rather complex. Without the external field, an 
autonomous spaser generates surface plasmons oscillating with a frequency determined by 
properties of the NP and the TLC. These oscillations can be synchronized by a sufficiently 
strong external field [29]. The region of the synchronization, the Arnold tongue, is defined by 
the pump power, the frequency detuning, and the external field intensity. In particular, below 
the spasing threshold the synchronization always happens. 

We consider values of parameters that belong to the Arnold tongue, so that the external 
field synchronizes a spaser and it oscillates with the frequency Eω  of the driving field [29, 

41]. The work done by the external field on the spaser during one period is proportional to 

( )ˆ ˆNP TLSE aμ μ σ+  [27, 42]. The phase difference, ,ϕΔ  between the spaser dipole 

moment, ˆ ˆNP TLSaμ μ σ+ , and the external field defines the direction of the energy transfer 
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[43]. When 0 ,ϕ π< Δ <  the field loses energy due to the work performed on the spaser; 

when 2 ,π ϕ π< Δ <  the spaser dipole moment supplies energy to the field. We are interested 

in the values of E and the frequency detuning, at which ϕ πΔ = , so that the exact loss 

compensation is achieved. The semi-classical theory predicts that there is a pumping 
threshold compD  (and respective th(compensation)

pγ ), below which the loss compensation is not 

possible [27, 33]. This threshold is smaller than the generation threshold (1)
0thD . 

For (1)
0 0comp thD D D< < , the results of the numerical solution of the system of equations 

describing the dynamics of the expected values of operators are shown in Fig. 1. In this figure 
we plot the phase difference, ϕΔ , as a function of the field amplitude, E, and frequency 

detuning, E E SPω ωΔ = − . The dipole moment, ˆ ˆ ,NP TLSaμ μ σ+  arises due to the coherent 

spaser response to the external wave (for spontaneously excited plasmons the average dipole 
moment equals zero). One can see that depending on the values of E and EΔ , the external 

field is either amplified or reduced. The exact loss compensation occurs for the values E and 

EΔ  at the compensation curve (shown by the dashed line) at which ϕ πΔ = . Note that this 

result is similar to the semi-classical prediction [27, 33] shown in Fig. 2. However, unlike 
Refs [27, 33], in Fig. 1 spontaneous radiation is taken into account. In the low quantum 
regime, similar to the semiclassical results, the spaser dipole moment is of the same order of 
magnitude as in the regime of the developed generation. 

 

Fig. 1. The sine of the phase difference between oscillations of the spaser dipole moment and 
the external field as a function of the external field amplitude and the frequency detuning. The 
dashed line shows the compensation curve which corresponds to oscillations in antiphase with 
the external wave. The region bounded by this line corresponds to the amplification of the 
external field. 
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Fig. 2. The same as in Fig. 1 obtained in the semiclassical approximation [27, 33]. The dashed 
line corresponds to oscillations in antiphase with the external wave, the solid line corresponds 
to in-phase oscillations. 

Note, if spasers are used as loss compensating inclusions in metamaterials, then the 
amplitude of the electromagnetic wave travelling in the system will eventually be defined by 
its value on the compensation curve. Indeed, if the amplitude of the incident wave is above 
(below) the compensation curve, then during wave traveling, the energy is transferred to 
(from) the spasers until the wave amplitude reaches the compensation curve. Below we 
consider only these values of the external field [33, 41]. 

In order to separate contributions of plasmons excited coherently and incoherently by 
spontaneous transitions, we note that both types of plasmons contribute to the averaged values 
of the operator ˆ ˆa a+ . At the same time, induced transitions excite coherent oscillations of the 

dipole moment â . The energy of these oscillations is proportional to 
2

â . Therefore, we 

define the energy of coherently excited plasmons as 
2

ˆ~coh SPW aω  and the energy of 

incoherently plasmons as ( )2
ˆ ˆ ˆ~incoh SPW a a aω + −  [9, 10]. 

In Fig. 3, we compare quantities 
2

â  and 
2

ˆ ˆ ˆa a a+ −  obtained on the compensation 

curve as functions of EΔ . 

 

Fig. 3. The dependencies of the energy of the NP dipole moment, 
2

ˆ
coh SP

W aω   (the solid 

line), and the energy of spontaneously excited plasmons, ( )2
ˆ ˆ ˆ

incoh SP
W a a aω + −   (the 

dashed line), calculated at the compensation curve near the first spasing threshold 
(1)

/ 1
th

p p
γ γ ≈ , on the frequency detuning, EΔ . The parameters used in obtaining Fig. 3 are 

taken form Refs [9, 10]: 
14 1

10
a

sγ − , 
11 110 sσγ − , and 

13 1
10

R
s

−Ω  . These parameters 

correspond to a silver NP and a semiconducting active medium (e.g., InGaAs). 
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For further analysis, it is convenient to compare the results shown above with the results 
of the semiclassical theory in which operators are replaced by c-numbers [1, 2, 30]. This 
theory shows that spasing begins at the first pumping threshold, (1)

0thD , below which there are 

no coherent oscillations, 
2

ˆ 0a = , as shown by the solid line in Fig. 4(a) [1, 2, 36]. The 

principal difference between the driven spaser considered in this paper and an autonomous 
spaser is that the driven spaser ceases to be an auto-oscillating system and becomes a 
nonlinear oscillator interacting with an external harmonic force (the solid line in Fig. 4(b)). 

 

Fig. 4. The dependencies of the energy of the NP dipole moment, 
2

ˆ
coh SP

W aω   (the red 

solid line), and the energy of spontaneously excited plasmons, ( )2
ˆ ˆ ˆ

incoh SP
W a a aω + −   

(the blue dashed line), on the pump rate characterized by 0D  for (a) an autonomous spaser 

and (b) a spaser driven by an external field. 

In an autonomous spaser, the intensity of spontaneous generation, incohW , calculated in the 

low quantum regime is shown by the dashed line in Fig. 4(a). We can see that the spaser is a 
low-quality laser in which the signal-to-noise ratio, /coh incohW W , is very low. To achieve the 

value of the ratio greater than unity, one should employ the pumping (2) (1)
0 0 0th thD D D>> > , at 

which the number of plasmons pN  is much greater than unity. Since in the low quantum 

regime it is assumed that 1pN ≤ , the developed theory only allows for an estimation of the 

threshold (2)
0thD  which is done below. 

For spasers, thermal losses far exceed radiation losses [38], therefore, the latter does not 
change the character of the attenuation and its impact on the constant aγ  is negligible. The 

TLS relaxation rate, σγ , the pump rate, pγ , and the expectation value of the operator 0D̂ , are 

related as [2] 

 2 ,D pσγ γ γ= +  (10) 

 0 ( 2 ) / ( 2 ).p pD σ σγ γ γ γ= − +  (11) 

Parameters aγ , σγ , and RΩ  determine a semi-classical value of the pumping threshold 
(1) 2/th a RD σγ γ= Ω . As follows from Eq. (11), the threshold pump rate, (1)th

pγ  is 

 (1) (1) (1)2 (1 ) / (1 )th
p th thD Dσγ γ= + −  (12) 

After finding the stationary solution of Eqs. (3)-(5), one can determine the number of 
coherently generated plasmons in the stationary regime [1, 2, 29] 
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 ( )2† (1)
0ˆ ˆ / 4 ,c th D acoherent

n a a a D D γ γ= = = −  (13) 

Let us now consider the spontaneous decay of the TLS excited state that leads to the 
radiationless excitation of a plasmon. We are interested in the case of large losses, for which 

, , .a R Dσγ γ γΩ  Below the first threshold, in the low quantum regime, the intensity of the 

field of plasmons excited due to spontaneous transitions of the TLS can be estimated as [37] 

 † 2 2
0ˆ ˆ (1 ) / 2R aspontaneous

a a Dγ −= Ω +  (14) 

We may introduce the Purcell factor /F σ σγ γ=   [44] which is the ratio of TLS decay rates in 

the presence of the NP, 2 /R aσγ γ= Ω  [30, 37, 45], and in free space, σγ . For a low-Q cavity, 

,a Rσγ γ Ω , and Eq. (14) can be rewritten as [30, 37] 

 † 1
0ˆ ˆ (1 ) / 8aspontaneous

a a F Dσγ γ −= +  (15) 

Note that the Purcell factor is related to the first generation threshold [30] 

 2 (1)
04 / 4 / .R a thF Dσγ γ= Ω =  (16) 

In the case under consideration, (1) 2
0 / 1,th a RD σγ γ= Ω   so that 1F   (according to Refs [9, 

10], F ∼100) and (1) 2th
p σγ γ≈  

 (1) 2 .th
p σγ γ≈  (17) 

Let us find the value of the pump rate for which contributions of spontaneous and 
stimulated processes to the plasmon generation become comparable, 

 † †ˆ ˆ ˆ ˆ~ .
coherent spontaneous

a a a a  (18) 

Using Eqs. (13), (15), and Eq. (18) to estimate the value of (2)th
pγ  we obtain 

 (2) (1)
(1)

4
~ .th th

p p
th

F
D

σγγ γ≈  (19) 

(2)th
pγ  defined by Eq. (19) was previously obtained in Ref [9]. 

4. Conclusions 

In the low quantum regime, we analyze the behavior of a spaser synchronized with an 
external electromagnetic wave. We demonstrate that the performance of a driven spaser is 
drastically different from an autonomous 3-D confined spaser. Unlike the latter, a driven 
spaser may mainly generate coherent surface plasmons even near or below the spasing 
threshold (see Fig. 3). 

In the presence of an external field, a new parameter, E E SPω ωΔ = − , arises. To a great 

extent, this parameter governs the behavior of the driven spaser. This can be seen in Fig. 1. 
When the detuning is near zero, the field on the compensation curve vanishes and the spaser 

is autonomous: the energy of the NP dipole moment, 
2

ˆcoh SPW aω  , nearly vanishes and 

most of the plasmons are incoherent. This is the case considered in Refs [9, 10]. When the 
detuning increases up to the critical value, the fraction of coherent plasmons increases. As a 
result, as shown in Fig. 3, for certain values of EΔ , we have coh incohW W≥ , i.e., the energy of 
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the excited dipole moment is comparable or greater than the energy of the spontaneous 
transitions. 

In Ref [46], spasers are built with a large number of active molecules N . To compare our 
further estimations with the experiment, we neglect the interaction between active particles 
simply setting 1N >> . 

Let us estimate the electric field amplitude on the compensation curve. The characteristic 
value of the matrix element of the TLS dipole moment is ~ 20DTLSμ ; on the compensation 

curve 11 1/ ~ 10 sTLS Eμ − , and then 5~ 10 V/mE . This value is by more than an order of 

magnitude smaller than the value of the field of electrical breakdown of air, 6~ 3 10 V/m⋅ . 

Now let us estimate the value of the pump rate necessary to reach the second generation 
threshold at which the ratio of signal-to-noise is about unity. This value is defined by Eq. 
(19). Keeping in mind that according to Eq. (17) for a low-Q resonator (1) ~th

p σγ γ , we obtain 
(2) 2~ /th

p R aγ γΩ . This relationship only weakly depends on the properties of an active 

medium. For typical values of 13 1~ 10R s−Ω  and 13 14 1~ 10 ...10a sγ − , the second threshold 

pump rate is (1) 12 13 1~ 10 ...10th
p sγ − . To determine whether this value is attainable, we need to 

consider how it can be realized experimentally. If dye molecules are used as an active 
medium and pumping is realized by external electromagnetic radiation, then the electric field 

can be estimated to be 2 2
0~ / ( ) ~ 30 V/mpum TLS ppE N cεγ λω  [47], which is achievable in 

experiment as demonstrated in Ref [46]. In the case of an active semiconductor medium 
pumped by an electric current, the situation is less clear. In Refs [9, 10], within the framework 
of the model of the classical dissipative transport, it was shown that the required current 
density is 2~ 100 /cmj kA , which cannot be attained in experiment. 

Our estimates show that for a spaser driven by an external optical wave loss compensation 
can be achieved for attainable pump power rates. Indeed, as Fig. 4 shows, 

th(compensation) (1) (2)th th
p p pγ γ γ< << . Realistic values of th(compensation)

pγ  can be realized for both laser 

pumping of dye molecules and current pumping of a semiconductor medium. At the same 
time, the signal-to-noise ratio can be reasonably high. This regime can be realized 
experimentally so that spasers may offer exciting prospects for a broad range of applications. 
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