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We study the dynamics of interacting open quantum subsystems. Interactions merge these subsystems into
a unified system. It is often believed that the Lindblad superoperator of the unified system is the sum of the
Lindblad superoperators of the separate subsystems. Such an approach, however, results in a violation of the
second law of thermodynamics. To avoid a cumbersome direct derivation of the correct superoperator from first
principles, we develop a perturbation theory based on using Lindblad superoperators of separate subsystems,
which are assumed to be known. Using interacting two-level systems as an example, we show that, starting with
a certain order of the perturbation theory, the second law of thermodynamics holds. We demonstrate that the
theory developed can be applied to the problems of quantum transport.
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I. INTRODUCTION

Recently, the study of open quantum systems has experi-
enced rapid growth connected to studies of interacting arrays
of qubits [1], ensembles of quantum dots and molecules [2],
and systems of atoms coupled with resonators [3—5]. Such
systems are open in the sense that they interact with the
environment.

The exact dynamics of an open quantum system can
only be obtained for a small number of problems [6-10].
Therefore, various approximate methods are used [11-13].
One of the most common is the method of the Lindblad-
Gorini-Kossakowski-Sudarshan (LGKS) equation [14,15].
This method implies that both the system and the reservoir
have separated Hamiltonians and that the coupling between
them can be expressed as the interaction Hamiltonian. The
derivation of the LGKS equation involves the use of the
von Neumann equation for the system-reservoir density ma-
trix and the subsequent elimination of the reservoir degrees
of freedom. The states of the latter are assumed to be un-
changeable during the evolution of the system. After such
elimination, the evolution operator of the system’s density
matrix includes the Hamiltonian and Lindblad superoperators
[16]. These Lindblad superoperators are constructed from
the product of the transition operators between the system
eigenstates. The transitions occur under the influence of the
reservoirs. The transition rates are calculated according to the
Fermi golden rule [17].

Although the general theory of deducing the LGKS equa-
tion is well developed [16], a direct way of constructing
Lindblad superoperators requires knowledge of the exact
system eigenstates and eigenenergies [18,19]. For a unified
system containing interacting subsystems, the complexity of
the calculation of the eigenstates and eigenenergies of the
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unified system grows exponentially with the number of sub-
systems. Therefore, for a unified system, the direct approach
is impractical.

It is desirable to express the Lindblad superoperator of
the unified system through the Lindblad superoperators of
subsystems. The key issue is that the eigenstates of the uni-
fied system are no longer a direct product of the eigenstates
of isolated subsystems. Consequently, the transition opera-
tors between eigenstates of the unified system that appear
in the Lindblad superoperator are no longer equal to direct
products of the transition operators of subsystems, and the
Lindblad superoperator of the unified system is not equal
to the sum of the Lindblad superoperators for isolated sub-
systems [17-20]. However, in many cases it is believed that
even if the whole Hamiltonian includes the interactions be-
tween subsystems, all the relaxation processes in the unified
system are the same as for isolated subsystems [2,21-32].
Such an approximation is called the local approach. Math-
ematically, it implies that the Lindblad superoperator of the
unified system is the sum of Lindblad superoperators of the
isolated subsystems. One might suppose that the local ap-
proach will only lead to minor quantitative differences from
the exact solution. Unfortunately, this is not the case. In
particular, the local approach may result in the violation of
the second law of thermodynamics [20,33]. Recently, consid-
erable attention has been devoted to a detailed comparison
between the dynamics predicted by the local approach and
the exact Lindblad superoperators for a number of systems
[34-41], including interacting two-level systems [42], har-
monic oscillators [43], and optomechanical systems [44]. In
[45] it was shown that the second law of thermodynamics
can be restored if the environment is divided into an ensem-
ble of identically prepared auxiliary systems, which interact
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sequentially with an individual subsystem for an infinitesi-
mally short time. However, for the permanent interaction of
the system and reservoirs the fulfillment of the second law is
not guaranteed.

In this paper we develop a perturbative method for building
the Lindblad superoperator of a system comprised of inter-
acting subsystems. The perturbation theory developed for the
Lindblad superoperator is based on the construction of the
transition operators that appear in this Lindblad superoperator.
We demonstrate that the transition operators can be found
from the interaction of the Hamiltonian of the reservoir and
the system by employing the Heisenberg equation of motion.
At each step of the perturbation theory the system of the
Heisenberg equations for the transition operator is linear and
closed, can be solved exactly. The developed method ensures
the fulfillment of the principles of thermodynamics. This ap-
proach permits us to express the Lindblad operator of the
unified system through the linear combination of products of
the transition operators of the separate subsystems. Using in-
teracting two-level systems as an example, we find the lowest
order of the perturbation series that ensures the fulfillment of
the second law of thermodynamics.

II. PERTURBATION THEORY APPROACH FOR
OBTAINING THE LINDBLAD SUPEROPERATORS

We consider a system described by the Hamiltonian
A = A% + eW + Agg + Hg, )

where A = Y A is the Hamiltonian of the system com-
prised of isolated subsysterns which are enumerated by the
subscript @ and described by the Hamiltonians H s ), each
ath subsystem interacts with its own reservoir descrlbed by
the operator Hpg,, so the Hamiltonian for the reservoir of the
whole system is Hg = Y, Hg,. The Hamiltonians HS(Z;) nd
H o depend only on the subsystem and reservoir degrees of
freedom, respectively. The interaction of the ath subsystem
and its reservoir is described by the operator Hggy: so for the
whole system Hamiltonian for the interaction with reservoirs
is HSR = Z HSRO, The interaction between the subsystems is
governed by the Hamiltonian eW = ¢ Y W e where ¢ is
a small dimensionless parameter. For example, in the case of
interacting two-level systems, ¢ is the dimensionless coupling
constant between them. For simplicity, we assume that ¢ is
the same for all subsystems. We assume that the Hamiltonian
H 5(1:) of the ath isolated subsystem has known nondegenerate
eigenstates |k(ls)> and eigenfrequencies a)( ¥ enumerated by
the subscript .

Usually, it is assumed that the Hamiltonian of the interac-
tion between a system and a reservoir has the form [16,17]

Hggp, = heSoRy, )

where A, is the interaction constant and S, and R, are the
operators of the subsystem and its reservoir, respectively.
For example, for a single two-level atom, o = 1, interacting
with the electromagnetic field of free space, the Hamiltoni-
ans are HS(;S) = hiwy6 16, Hry = Zk’n ha)k&};n&k,,, and Hyp, =
Zk’n thn(&in + axy)(6" + 6), where wy is the transition

frequency of the atom, wy is the frequency of a photon with
the wave vector k and the polarization 7, and €2y, is the
coupling constant between the atom and the photon with
the wave number k and polarization 7. The operator & is the
transition operator from the excited state to the ground state
of the two-level atom; the operator dy, is the annihilation
operator of the photon with the wave vector k and polarization
n. In this example the operator Syis (6T +6), Ay is Qyny» and
R, is an(&in + axy)/Suqn,» Where Ko and 5o are the wave
vector and the polarization of the free-space mode for which
Qxyn, 7 0, respectively.

The von Neumann equation for the density matrix p(z) of
the unified system and the reservoir follows from the Hamil-
tonian (1),

ape) i, A A
= E['O(t)’ Hs + Hsg + Hg], )

where we introduced the Hamiltonian of the unified system
Hs = A% 4 eW. The exclusion of the reservoir degrees of
freedom according to the standard procedure [16,20,46,47]
demands the transition of the equation into the interaction
representation, with the new density matrix defined as

A(t) = exp (x# )p(r)exp( %H’?r) @)

The von Neumann equation for the new density matrix p(¢)
can be obtained from Eq. (3),

Ry i, N
paf) - %[ﬁ(t), Xaszm(r)}, 5)

where the operator Hggy (1) is the Hamiltonian ﬁSRO,, given by
Eq. (2), in the interaction representation

5 Hs + H, Hs + H,
Hgpy(t) = exp <i% )HSRO, exp ( %t)

= hiAy exp(iHst /1))S, exp(—iHst /) exp(iHgt /)R,
x exp(—iHgt /1) (6)

The standard procedure implies the averaging over the
reservoir degrees of freedom in Eq. (5) [18,19]. This aver-
aging procedure is similar to the well-known rotating-wave
approximation in quantum optics [48,49]. The averaging over
the reservoir degrees of freedom in Eq. (5) leads to the master
eiquation for Ehe system density matrix of the unified system
ps(t) = Trr[p()] [18,19]:

dps(t) o s
—— = Lex[ps(®)]. 7

o ex[0s(7)] (N

The influence of the reservoir on the unified system in
Eq. (7) reduces to the Lindblad superoperator Lex[ps(?)]. To
derive this Lindblad superoperator Lex[ps(f)], according to
the standard algorithm [18,19], we should find the explicit
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expression for the operators exp(iHst /1)S, exp(—iHst /1) in
the form

exp(iHgst /)8, exp(—iHst /1)

= 3" thilSalk;) ;) (k| expliAwijr), 8)

ij
where Aw;; = w; — w; and w; are eigenfrequencies corre-
sponding to the eigenstates |k;) of the Hamiltonian H;. Once

the series (8) is found, one can apply the standard procedure
and obtain the Lindblad superoperator

iex[f)s(m]:ZszG Aoy N [Baa,,» hs®SL,, ]

a

+ [SAwmj:bS(t)a Sk, 1) ©)

where we introduced the operators

Snwy, = (kilSalk;) k) (k)| (10)

and the function G, (Aw, ;) is defined as

wij

+o00
Gy(Aw, ) = f Trr[R] exp(iHgt /TR, exp(—iHgt /1))
0

aij

X exp(iAwy,;

t)dt. (11)

Hereafter we call the Lindblad superoperator (9) the exact
Lindblad superoperator. Generally, finding the exact Lindblad
superoperator (9) analytically or even numerically is a very
difﬁcult problem because the exact Lindblad superoperator

e,([,05(1‘)] includes the product of the transition operators
S Ao, . Finding the transition superoperators S Aw,, [Eq. (10)]
isa Very cumbersome problem because it demands the so-
lution of the eigenproblem for the unified Hamiltonian H.
At the same time, the complexity of this eigenproblem grows
exponentially with the number of subsystems.

As an alternative, we develop a perturbation approach for
the analytical determination of the Lindblad superoperators.
For future derivations, we introduce the operators

18 1S 1S 18 1S
Saty = a8l M ke |- (12)

aij

We assume that there is only pair interaction between sub-
systems (which is true for the vast majority of problems in
quantum optics [49]) such that the interaction Hamiltonian w
between subsystems has the form

W =h Z Z w“1“2i1.71i7”St§tllsl)|/1S¢§tlzsl)zjz (13)
o Fon i1 jiizja

For the simpler and clearer presentation we assume that
the interaction between the subsystems (13) is defined by
the same operators that introduce each system-environment
interaction in Eq. (2). This assumption is true for the most
optical systems. For example, the interactions of each two-
level system (TLS) with dissipative and dephasing reservoirs
are ~ 3", (6/,b + by612) and ~ 37, 6 ,612(bx + b)), re-
spectively (o}, and o; , are lowering and raising operators

between TLS states and Ek and 151 are annihilation and creation
operators of kth reservoir mode, respectively). At the same

time, the near-field interaction between dipole moments of
two TLSs, which is the strongest electromagnetic interaction
between subsystems at the nanoscale, is ~ (511‘ 67 + 6; 61),
i.e., can be presented in the form (13). In Appendix A we
discuss the extension of the theory developed for the general
case.

To develop the perturbation approach for determination
of the Lindblad superoperators we represent the Hamiltonian

Hgpo (1) [Eq. (6)] as

Hepo (1) = Phg Y Saij (DR (1). (14)
ij
In Eq. (14) we introduce the operators R,(t) =

exp(iHgt /)Ry exp(—iHgt /1) and S;j(1) = exp(iHst /h)S(“)

i aij
exp(—iHst /h), with S‘gfj) defined by Eq. (12), and

we use the fact that the eigenvectors |kgf )) of the
Hamiltonian ﬁs(is) of isolated subsystems form the complete
basis. The perturbation theory for determination of the
Lindblad superoperators developed here is based on

searching for the approximate expansion for the operators
S.ij (1) = exp(iHst /R)8Y exp(—iHst /h) in the form

oij
Saijt)=>_&"80 ). (15)

n
To construct the Lindblad equation it is neces-
sary to represent the operator S™.(t) in the form

aij

> o) 8% . exp(—iAw™t), where the operators S8
do not depend on time and Aw™ are some yet unknown
frequencies. Once such a representation is found, by applying
the standard procedure we can arrive at the series expansion
of the Lindblad superoperator

+00
Lips)1 =) e"L™[bs(0)]. (16)
n=0
To find the coefficients 8!, and frequencies Aw™, we

solve the Heisenberg equation for Sai i(t):

dSeij(t) i,
I h[HS’ Saij (0] 17)

The Ainitial condition for Eq. (17) follows from the defini-
tion of S¢;;(7):

S.ij(0) = 8. (18)

aij

We solve Eq. (17) using the perturbation method with the
small parameter ¢. To do this we expand the operator S.i (1)
in a power series of € [Eq. (15)]. We substitute this series into
Eq. (17) and collect all the terms with the same order of . As
a result, the terms proportional to the zeroth order of ¢ give
the equation for the zeroth order of the perturbation theory
(see Appendix A),

dS© )
aij (i) Q(0)
T lALl)ijmj(t) (19)

where Aa)(ls} a)('s) ('S) . We obtain the initial condition

for Eq. (19) from Eq (18)
SO ) = 8™ (20)

i woij
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The solution to Eq. (19) with the initial condition (20) is
;01), (t) =85 Jexp (— 1Aa)f;f])t) 1)

The direct application of the standard procedure for
S ..~ SB () leads to the Lindblad superoperator

i

LOthsin =" ZAZG (A ){[86). P30 ]

o

+ [S(O) /)S(t) S(O)I]} (22)

aij

where S';O; S(“} and A2G, (Aa)(“}) is defined by (11). We
call the Lindblad superoperator (22) the Lindblad superoper-
ator of the zeroth order of the perturbation theory, or in short

J

the zeroth-order Lindblad superoperator. Using the Lindblad
superoperator (22), we can write the LGKS equation for the
density matrix of the system pg(t),

dps(f) O3
- [s(0)]. 23)

It can be seen from Egs. (22) and (9) that the Lindblad
superoperator LO[ps(1)] coincides with the one obtained with
the standard procedure for the isolated subsystems in the
absence of the interaction between the subsystems (& = 0).

The first order of the perturbation theory for Eq. (17)
may be obtained by the substitution of the series S.i (1) =

o ”Sgﬁ; (t) into Eq. (17) and selecting the terms that are
Eroportlonal to . As a result, we obtain the equation for
sw (1) (see Appendix A),

i

dSay® _
J (i) &(1) § E Q0) &(0) a&(0)
dt lAwo;szSazJ(t)+l walaziljliz.]ZSoql]J]([)Sotzlojo(t) Sotlj(t) : (24)
o £y i1 jiiz

The initial condition for Eq. (24) follows from the initial condition (18) for the operator S ;(t) and takes the form

S 0) =o. (25)

aij

The solution of Eq. (24) with the initial condition (25) is (see Appendix A)

§O) 8O &0

w
&(l) _ 0‘10‘211/1’2]2[ aiy 15 iz jr? ou]]
S 0= >, e @) {1-

+ Aw

a1 Fo 11 jiiz ja Otllljl iz jo

exp[ —i(Aw (is)

Olllljl

+ A0l )i exp (= idl)).  (26)

Comblnmg the solutions (21) and (26), we obtain the solution to Eq. (17) up to the first order of the perturbation theory

S...(1) ~S9) + SV 1),

oij aij aij
Q ~ (§© (1) (S)
Saij(t) (Souj + ESatj) €xp ( lAwouj
(is) (is)
x exp[ (A Otllljl + Awazlzjz

where

0) () &(0)

w S s ]
(1) Otlﬂmljllz]z[ ayiyj1 ol Yaij
Say=2_ 2 s 08)

a1 Fa i jiia )2 Otllljl iz o

The direct application of the standard procedure for the
operator S (1)~ ~ §© (t)—i—eS“)(t) leads to the Lindblad

aij

superoperator L(O)[ps(f)] + SL(l)[,OS ()], with LO[pg(¢)] de-
fined by Eq. (22) and L"V[ps(2)] equal to

EWpg( = ZZAQG (A5, PsSL)]
+ [ a',}i)s(t) vl +ZZ/\2 (Al
[S(O)ps(t), Sair 11

(29)

We call the Lindblad superoperator L[pg(r)] +
eLM[ps(r)] the Lindblad superoperator of the first order
of the perturbation theory, or in short the first-order Lindblad

{[S(O), ps(t)S(l)T]

Q0)  &(0) Q(0)
Z Z Waayiy jiiz j [Sutll]j] i ja’ aij]
Aw (is) +A (is)

arFas i jiiz o Bosiy jy Paisjp

+ o)) @

(

superoperator. Using the Lindblad superoperator (29), we can
write the LGKS equation for the density matrix of the system
as follows:

d/%s(f)

= LOps()] + LV [ps(0)]. (30)

It is important to note that the Lindblad superoperator
of the first order of the perturbation theory L©[pg(r)] +
eLM[pg(r)] is nontrivial in the sense that, unlike the Lindblad
superoperator (22), it cannot be represented as a sum of the
Lindblad superoperators of isolated subsystems. Nevertheless,
the Lindblad superoperator L©[ps(1)] + LM [ps(2)] is con-
structed from the product of the transition operators of the
subsystems S (03 that can be seen from (28) and (29). Together,
these two facts indicate that the first-order Lindblad superop-
erators of the perturbation theory takes into account the cross
relaxation of the subsystems.

For practical applications it is more convenient to write the
LGKS equation for the density matrix pg(¢) rather than for the
density matrix in the interaction representation f)s(z‘). These
two density matrices for the unified system are connected by
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the equation that follows from Eq. (4):
A _HS R .ﬁS
ps(t) = exp 17t Ds(t)exp —17t . 31D

This transition from the density matrix pg(¢) to the density
matrix pgs(¢) in the LGKS equation (7) can be easily done
because

.ﬁS o 2 ,HS N N
eXp <_17I>Lex[ps(l‘)] €xXp <17t> = L [ps(®)], (32)

which follows from the definitions of the exact Lindblad
superoperator ﬁex[f)s(t)] [see Eq. (9)] and the transition op-
erators SA(‘)M/’ [see Eq. (10)]. As a result, the LGKS equation
with the exact Lindblad superoperator for the density matrix
Ds (1) takes the form

dps(t)
dt

The same transition can be done in the LGKS equations
(23) and (30) with the zeroth-order Lindblad superoper-
ator L©[ps(z)] and the first-order Lindblad superoperator
LO[ps(t)] + LM [ps(1)]. To do this transition we use the
approximate equalities

exp (—f; >L<°>[ s()]exp ( f; ) ~LOps()], (34)

exp (—

~ LOps(0)] + eL V{50, G

= %msm, As] + Lex[Ps()]. (33)

z%t){ﬂm[zs(m + eL V[ ps ()]} exp (i%t)

The difference between the left-hand side and the right-
hand side of the approximate equality (34) is proportional to
&, which follows directly from Eq. (22) and initial condition
(20) (see Appendix B). The difference between the left-hand
side and the right-hand side of the approximate equality (35) is
proportional to &2, which follows directly from Egs. (29) and
(27) (see Appendix B). Therefore, we can omit these terms
on the right-hand sides of Eqgs. (34) and (35). As a result, we
obtain the LGKS equation for the density matrix pg(f) with
the zeroth-order Lindblad superoperator

dps(t)
dt

and the LGKS equation for the density matrix pg(¢) with the
first-order Lindblad superoperator

dps(t)
dt

We note that the LGKS equation (36) is equal to one used
in the local approach [17- 20] Indeed, the Hamiltonian of
the unified system, Hy = H )+ W, contains the interaction
between the subsystems 8W At the same time the Lindblad
superoperator Lo ps(t)] coincides with the one obtained with
the exact standard procedure, as it would be in the absence of
the interaction between the subsystems,

ﬁ(O) [IbS (t )] = Z Z\fsubsystem [IbS (t )] (38)

subsystem

= %[ﬁs(t), Hs]+ LOps ()] (36)

_ s 514 FOrA P
—ﬁ[ﬁs(f),Hs]-FL [os@®)] + eLV[ps(®)]. (37)

The relaxation dynamics, described by the LGKS equation
(23), may violate the second law of thermodynamics and
incorrectly predicts the dynamics of the system [20,33].

In the next section we show that although the Lindblad
superoperator of the lower orders of the perturbation theory
may violate the second law of thermodynamics, the Lindblad
superoperator of the higher order of the perturbation theory
restores the fulfillment of the second law of thermodynamics.

III. FULFILLMENT OF THE SECOND LAW
OF THERMODYNAMICS

Below, for simplicity, we consider all the reservoirs to
have zero temperature 7, = 0, which is a good approxima-
tion for quantum optics. In this limit, the second law of the
thermodynamics is equivalent to the demand that the energy
flow between the system and reservoir is directed from the
system to the reservoir. The energy flow in our case (when
the Hamiltonian of the unified system H s does not depend on

time) is
J="Tr <

The positive sign of the energy flow J indicates that the
energy flows from the reservoir to the system. The negative
sign of the energy flow J indicates that the energy flows
from the system to the reservoir. Therefore, the second law
of thermodynamics at zero temperature takes the form

J<0. (40)

dps(t)
o) e

It is worth emphasizing that if there is no interaction be-
tween subsystems then, as was pointed out after Eq. (37), the
LGKS equation (33) with the exact Lindblad superoperator
takes the form

dps(t)
dt

This means that in the case of ¢ = 0 the Hamiltonian of
the unified system is Hs = A{® and the exact Lindblad su-
peroperator ﬁex[,?)s(t)] is equal to the zeroth-order Lindblad
superoperator LO[pg(r)]. In this case, at zero temperature
it is easy to prove that the second law of thermodynamics
holds. In_deed, the substitution of Eq. (41) and the equality
Hs = H; 8 into Bq. (39) and the use of the commutation
relation [H™, §9] = —hA©®8© leads to

= %[ﬁs(t), AP+ LOps(t)]. (41)

aS > Maij aijSaij
(is)4 2 (is)
_—2hZ Z AwSGo (A0
a Awyij>0
x Te[$578E) ps(1)] < (42)

In Eq. (42) the subscript 0 in Jy means that the energy
flow (39) is calculated when there is no interaction between
subsystems (¢ = 0). The definitions of Aa)(is) and S‘(O)
given after Eq. (22). The sum in Eq. (42) mcludes only non-

negative frequencies Aw((xl ¥ because at zero temperature and
(is)

negative Awm , Gy (Aa)( s)) is equal to zero (this means that
only transitlons with the energy flowing out of the system are
possible) [17]. Thus, in this case the second law of thermo-
dynamics holds (for a rigorous proof of the second law for
arbitrary temperature see [18,19,46]).
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When the subsystems interact with each other, it turns out
that in the lower order of perturbation theory the second law of
thermodynamics may be violated, whereas the higher order of
the perturbation theory restores its fulfillment. Indeed, let us
consider the zeroth order of perturbation theory. To obtain the
energy flow between the unified system and the reservoirs, one
should substitute Eq. (36) into Eq. (39). As a result we obtain
(local approach)

JO =Te| (A + eW)LOlps)1} = Jo + eAdy,  (43)

where the (0) in J© means that the energy flow (39) is
calculated with the zeroth-order Lindblad superoperator. The
energy flow Jy on the right-hand side of Eq. (43) is defined
by Eq. (42). The energy flow AJy on the right-hand side of
Eq. (43)is

Ay = Te{WLO[ps ()]} (44)

As mentioned in the preceding section, the zeroth-order
Lindblad superoperator f,(o)[,bs (1)] does not take into account
the cross-relaxation processes between the subsystems. This
means that the application of the zeroth-order Lindblad super-
operator L[ ()] leads to the additional “wrong” term & AJy
in the energy flow (43) between the system and reservoirs. We
showed after Eq. (42) that the term Jy, is nonpositive, but the
wrong term £ AJy may have a positive or a negative sign. As
a result, when e AJy > 0 and |Jp| < €| AJy| the second law of
thermodynamics is violated, because the energy starts to flow
from the reservoir to the system, and J©© > 0.

Let us discuss how to determine the lowest order of the
perturbation series that ensures the fulfillment of the second
law of thermodynamics. To be more concrete, we consider
two types of reservoirs: a dephasing reservoirs that does not
change the energies of the isolated subsystems but affects
the phases of the nondiagonal elements of the each of the
subsystem density matrices and a dissipative reservoirs that
drains the energy from the isolated subsystems. For example,
the reservoir R 1nteractm§ with a two-level system described
by the Hamiltonian H' 8 = hiwr s616 (where the operator
6 = |g)(e] is the transmon operator between the ground |e)
and the excited |g) states of the TLS), through the coupling

J

~d A A . . .
Hamiltonian Hgy eph 6 "6 Raeph, is dephasing. A reservoir

which interacts w1th a TLS through the Hamiltonian A& =
(67 + 6)Rg; is dissipative. Indeed, the Hamiltonian I-?_g;ph =
61'6ﬁdeph commutes with the TLS Hamiltonian Hs(is) =
fiwrs6 76, while the Hamiltonian HS = (67 + 6 )Ryis does
not.

When the interaction of an isolated subsystem with a dissi-
pative reservoir permits transitions between system states and
at least some Aw(‘s) # 0, then according to Eq. (8), Jyp < O,
and the second law of thermodynamics holds until e|AJy| <
[Jo|. This puts a limit on the perturbation parameter. In this
case, even using local Lindblad superoperators does not cause
a violation of the second law of thermodynamics.

The situation changes when a subsystem interacts only
with a dephasmg reservoir [20,33]. In this case, all the fre-
quencies Aa) = 0 and consequently Jy is equal to zero
[see Eq. (42)] Then the second law of thermodynamics in
zeroth order (local approach) holds only if ¢ =0 or eAJy <
0. In a general case, eAJy may be positive and the second
law of thermodynamics would be violated. The addition of
a dissipative reservoir may not help because now we re-
quire that e|AJS" 4+ AJE| < [JES|. Thus, if the subsystems
interact with each other, ¢ # 0, the local Lindblad superop-
erator, which does not take into account the cross-relaxation
processes, may lead to a violation of the second law of ther-
modynamics [20,33] even if the system interacts with both
dephasing and dissipative reservoirs. For example, the local
Lindblad superoperator may lead to the pumping of the system
by the dephasing reservoir with zero temperature [20,33].

Application of the first-order Lindblad superoperator
LO[ps()] + eLD[ps(r)] may fix this problem. Indeed, the
substitution of Eq. (37) into the energy flow (39) gives the
energy flow J calculated with the zeroth-order Lindblad
superoperator

JO =Te((H® + eW WL [ps ()] + 6LV [ps(0)]))
=J, +&*AJy, (45)

where we introduce the energy flows

Ji==20)" )" AelhiG, (AN T3 + e3D) (39 + £30) ps 0], (46)
o Awyi;j=0
AL =20 Y AR Ga(AaS ) Te[SUT8 ps ()] =20 )~ > Al Ga(Awly)) Te{SET W, 85 ]ps()
o Awyij=0 o Awyij=0
+ [ WISEAs (O} =20 D AwgiagGa (M) Te (ST W, S0 1ps() + [S) WISEAs ). (@47)

a Awyij20

In Eq. (12) the operator (ng? + 85;113) (SL?; + 8S‘§2) and
the density matrix ps(f) are non-negative, so the energy
flow J; is negative or zero. The wrong term &2AJ; on the
right-hand side of Eq. (45) may have an arbitrary sign.
If J; <0 [see Eq. (45)], then the second law of thermo-
dynamics is not violated until 2| AJ| < 4. Comparing

this inequality (¢2|AJy| < |J;]) with one that we obtained

(

with the zeroth-order Lindblad superoperator (¢| AJy| < |Jol),
we conclude that the first order of the perturbation theory
preserves the second law of thermodynamics in the wider
range of parameters than the zeroth order of the perturbation
theory.

In a general case the correct description of the energy flow
J in the nth order demands knowledge of the nth order of the
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Lindblad superoperator ﬁ(”)[,?)s(t)]. In the previous example,
this means that to obtain the correct energy flow in the first
order of perturbation theory it is necessary to use the first-
order Lindblad superoperator L("[ps(¢)]. We also note that
the nth order of the perturbation theory leads to the wrong
term in the energy flow J that is proportional to £"+1.

The higher orders of the perturbation theory expand the
range of parameters for which the second law of thermo-
dynamics holds, because the nth order of the perturbation
theory for the Lindblad superoperator describes the energy
flow correctly with a precision up to £"t!'. As was pointed
out above, when the system interacts with dissipative and
dephasing reservoirs, the main reason for the violation of the
second law of thermodynamics is the interaction of the system
with the dephasing reservoir. The reason is that the dephasing
reservoir gives zero energy flow at ¢ = 0 and may give the
energy flow from the reservoir to the system for ¢ # 0 at lower
orders of the perturbation theory. The energy flow to the dissi-
pative reservoir may be estimated as y Tr[Hgps(t)], where y is
the dissipation rate of the unperturbed system. In accordance
with Eqs. (43) and (45), in the nth order of the perturbation
theory, possible energy flow from the dephasing reservoir to
the system may be estimated as 8”+1FTr[I-75,Z)s(t)], where I'
is the dephasing rate at ¢ = 0. The fulfillment of the second
law of thermodynamics demands that the energy flow from the
system to the dissipative reservoir is greater than the wrong
energy flow from the dephasing reservoir to the system. Thus,
the order of the perturbation theory n required for the second
law of thermodynamic to hold can be estimated as

e <y )T, (48)

Below, by using specific examples, we show that the cri-
terion (48) not only ensures the fulfillment of the second law
of thermodynamics, but also defines the minimal necessary
order of the perturbation theory that guarantees the correct
prediction of the dynamics of an open quantum system.

IV. EXAMPLE: THE LINDBLAD SUPEROPERATOR
FOR N COUPLED TWO-LEVEL SYSTEMS

The local Lindblad superoperator, which, as was shown in
the Sec. II, is equal to the zeroth-order Lindblad superoperator
(36), is widely used for the description of interacting quantum
dots [2], qubits [1], and molecules [24], because the local
Lindblad superoperator is easy to obtain. As we discussed
above, the main drawback of the local Lindblad superoperator
is that it may lead to a violation of the second law of ther-
modynamics [20,33]. In such a case, the dynamics of an open
quantum system may differ from the exact dynamics not only
quantitatively but also qualitatively. In particular, the local
Lindblad superoperator may give unphysical results. Below
we consider the dynamics of several interacting TLSs and
show when a description based on local Lindblad superopera-
tor fails and how the higher orders of the perturbation theory
developed for the Lindblad superoperator restore the correct
dynamics of an open quantum system.

To develop the perturbation theory for N interacting TLSs,
we use the Hamiltonian

HS = Zhw a a, + ZZhg,ko O, 49)

J=1 k#j

where the coupling constants obey the relationship g = g ;

because the Hamiltonian Hs is Hermitian. We consider a non-
resonant case |w; — wg| > [gjk|. Then & = |gji|/|w; — wi]
can be used as a small parameter. We discuss the degenerate
case (|wj — wi| < |gjk|) for the problem of quantum transport
in Appendix C.

The Hamiltonian of the reservoirs has the form

Z hwjf;” il + Z hw§i>b]nb,n, (50)

Jn

where the annihilation operators @, and b jn belong to dissi-
pative and dephasing reservoirs, respectively. The interaction
between the system and the reservoirs is described by the
Hamiltonian

Hsp =) hvu(6] +6,)(@), + &jn)
jn

+ Y hw;676;(b%, + biw). (51)

j.n

If we neglect an interaction between the TLSs (g = 0),
the Lindblad equation for the density matrix of the whole
system pg(¢) can be easily obtained [16]

0 i ~ “
o hs() = g[ﬁs(t), AL+ LOpso)1, (52)
where
N
A =" hw;6]6;, (53)

N
LOUps1 =) yjit(—w))(26,ps6 — 8]6;ps — bs6]

j=1

6;)

+Zy,n<w,)<2cr ps6; — 6;6]ps — ps6;6))
j=1

+ ZFj(%T&m& 5, — 6160 — p616)), (54)

_ o |(exp(iw/T) =17, >0
e = {1 + (expilol/T) = D7, w<0, O
Y= nhz |an|28(a)§-2) —w)), (56)

r; =7 lim le,nl §(w') — w)[A(w) — A(—w)]. (57)

Note that the dephasing rates I'; are mainly determined by
the low-frequency behavior of the reservoirs.
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As discussed in the preceding section, the master equa-
tion (52) preserves the second law of thermodynamics. When
gjk # 0, the zeroth-order term of the perturbation theory coin-
cides with the local approach for the Lindblad superoperators
and leads to the master equation

B i P
o, Ps@) = T1ps(0), Hsl + LOps )], (58)
where Hy is defined by Eq. (49) and L©[pg(¢)] is defined by

Eq. (54).

In this case, the interaction between the TLSs is taken
into account in the Hamiltonian Hs but not in the Lindblad
superoperator i(o)[ﬁs(t)]. This superoperator describes the
relaxation in the case of noninteracting TLSs [see Eq. (52)].
According to the discussion in the preceding section, it is not
surprising that the master equation (58) may lead to a violation
of the second law of the thermodynamics.

To obtain the Lindblad superoperators in the first order
of the perturbation theory, one should solve the Heisenberg
equation for &;(z),

déi(t)/dt = —iw;6;(t) + i[26;(t)6j(t) —1]
N

x Y gubi(t), 6;(0)=65. (59

k=1

k#j
To solve Eq. (59), we expand the operator &;(¢) into a
series 6;(t) = 6;0)(t) + 8&;1)0) + --- by using the pertur-
bation theory with the small parameter ¢ = |gj|/|w; — wil.
The-zeroth order approximation & ;0) (1) satisfies the equation

d6V(t)/dt = —iw;6"(t), 67(0)=6;,  (60)

~ (0 A :
and has the form 0’; )(t) = 6, exp(—iw;jt).

The first-order approximation term 6;1)(t) is governed by
the equation

d6{(t)/dt = —iw;6 V(1) +i[26 17 ()6 (1) — 1]

N

x Y gus ), &0 =0.
k=1
ke j

(61)

J

The solution to Eq. (61) is

N
6V =—26/6,- DY w,-gikwk S1 exp(—iw;t)
oy
N .
+ 2676, - 1)) 255y exp(—iaxt). (62)
—1 wj — Wk

k)
Employing Egs. (60) and (61), we can obtain the solution
to Eq. (59) in the first order with respect to ¢:

N At A A
) ) gjk(Zoj 6; — Dby )
Git)y~|6;— ———— | exp(—iw;jt)
; wj — Wy
k]
N AF A .
gjk(26,6; — 1)6y
+ Y exp(—iat). (63)
=l a)j — Wk
k£

In the same order, from Eq. (63) one can obtain

“
AT A

N A AT
$a 8kj0j0y + 8jk0; Ok
"6+ E

-~
<~

wj — Wy

=1 YT
k)
N A A
8kjOk0 ; .
> Lexpli(w; — )l (64)
1 wj — W
kit j

Now we use approximate the expressions (63) and (64)
for deriving the Lindblad superoperator in the first order. As
a result, we obtain the master equation with the Lindblad
superoperators in the first order of the perturbation theory

d A “ n
o s = —%[Hs, psl+ LOps)] + LV [ps()],  (65)

where L©[ps(7)] is defined by Eq. (54) and

N N At AT N At AT
A gjk(26;6; — 1)6, gix(2616; — )6,
LOps)] == ) yii(=w))| | 6, bs ! 6ips. ;
/'2:1: kXZ; wj — W k2:1: w; — Wy
' k#j k#j
N N AT A A N AT
_ gj(26;6; — o . gi(26/6;— D& .
- yii(—w;) EEE— L + Ps,
; ’ ’ ,;: wj — W ! kgl: wj — Wy J
L k] k#j _
N N gn26]6; - sl N oein(2616, -5l
- Zyj”(wj) Z . PsGj | + Z Ps, 6
=1 k=1 wj — @k k=1 wj = @k
L k#j k#j
N A N At a o
gjk(26;6; — 1)6y gjk(26,6; — 1)6x
_ At A A A J
+ ) yii(w)) is Ds G Ps,
jX:l: ! k2=1: a)J - Wk / k2=l: CUJ — Wg
= k#j k]
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Below, to illustrate how the theory works, we discuss
examples with a minimum number of subsystems. For this
purpose, we consider several complex open quantum systems
and compare the dynamics predicted by the master equa-
tions with the following superoperators: (i) the exact Lindblad
superoperators [see (33)], (ii) the Lindblad superoperators ob-
tained by the perturbation theory, and (iii) the local Lindblad
superoperators. As was discussed in Sec. II [see Eq. (9)], to
obtain the exact Lindblad superoperators we use computer
simulations to solve the eigenproblem for the Hamiltonian
(49) and implement the standard procedure.

We start with a system containing two TLSs and having
two different transition frequencies w; and w; = 1.2w;, de-
phasing rates '} = 103w and ', = 10~ 3w, and dissipation
rates y; = 107w, and y» = 10~%w,. We assume that the tem-
perature is zero T = 0 and the coupling constants are the
same gy = g21 = g = 0.0lw;. In this case g K |wr — wq].
To emphasize the necessity of the perturbation approach, we
consider the case when the dephasing rates are much greater
than the dissipative rates I'y, I'; > y, . This relationship
between the dephasing and the dissipative rates is typical
for quantum dots [50-52] and dye molecules [53,54]. For
certainty, we assume that initially the first TLS is in the excited
state, while the second TLS is in the ground state. The time
dependence of the system energy E(¢) = Tr[,bg(t)ﬁs] when
calculated with the local approach (zeroth order of the pertur-
bation theory) (58), the first-order master equation (65), and
the exact master equation is shown in Fig. 1. One can see that
the first-order perturbation theory is in good agreement with
the solution of the exact Lindblad equation. However, not only
does the local Lindblad equation give dynamics that differs
from that given by the exact Lindblad equation, it also predicts
that the energy of the system rises with time and becomes
greater than the initial system energy (Fig. 1). This violates the
second law of thermodynamics in the Clausius form [16,17]
because this additional energy originates from the energy flow
from the reservoir to the system at zero temperature. From
Fig. 2 one can see that the local Lindblad equation predicts
energy transfers from the low-energy TLS to the high-energy
TLS in such a way that the total energy of the system rises. At
the same time, both the first-order perturbation theory and the
exact Lindblad equation show that this transition is suppressed
(Fig. 2).

In this example, the criterion (48) is violated in the zeroth
order of the perturbation theory for the Lindblad superopera-
tor (the local approach) with the small parameter ¢ = g/(w, —
w1 ). As expected, the local approach leads to a violation of the
second law of thermodynamics. Indeed, the net energy flow is
directed from the dephasing reservoir to the system and more

N A At N
8kj0j0y; + 8jk0 ; Ok
+ At A I?)S k Jj
"6 s, E
! k=1 wj — Ok
(=
N g1i6i6 +gi6.6
b6 16 | + CACM ALl Sy PP (66)
> PS jCi S, 0;0j
=1 a)j—a)k
=

importantly this energy flow exceeds the energy flow from the
system to the dissipative reservoirs (see Figs. 1 and 2).

At the same time, the first order of the perturbation theory
satisfies the criterion (48) and, as Figs. 1 and 2 show, the
total energy flow is directed from the system to the reservoirs.
Therefore, the dynamics of the system predicted by the first
order of the perturbation theory and by the exact Lindblad
superoperators are in good agreement.

In the next example, we show how cross-relaxation pro-
cesses affect the quantum transport through a chain of three
TLSs with the frequencies w;, w;, and w3 such that w; < wy,
w3 < wy, and w; < w3 (Fig. 3). The Hamiltonian of the sys-
tem has the form (49) with the coupling constants g3 = g3; =
Oand g1p = g3 =g21 = g2 =g #0:

Hs = hwi 661 + hwy6, 65 + hws6] 63 + hg(6, 6, + 6 61)

+ hig(6163 + 6, 63). (67)

Each of these TLSs interacts with dissipative and de-
phasing reservoirs, which have Hamiltonians (50). In the
interaction Hamiltonians (51) j is equal to 1, 2, or 3 for the
first, second, or third TLS, respectively. We assume that all
the dissipation rates (56) are the same, y; = y» = y3 = ¥, and
that the dephasing rates (57) are also identical, I'y =T, =
I'; =T. In a quantum transport problem, it is common to

1 hel~s
0.9 S TT—
S~ T ——
0.8 . -
507 N
06
\\\
0.5 .
\\\
\\
0.4 L \ - \ \ .
0 200000 400000 600000 800000  1x 106
twy

FIG. 1. System energy normalized by its initial energy. The pa-
rameters of the system are w, = 1.2w;, g=0.0lw;, [ =T, =
1073wy, y1 = 10w, y» = 107w, and temperature T = 0. Ini-
tially, the first and the second TLSs are in the excited and ground
states, respectively. Blue dashed, red dash-dotted, and green solid
lines are obtained by solving the local Lindblad equation, by using
the perturbation theory, and by solving the exact Lindblad equation,
respectively.
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FIG. 2. Time dependence of the probability of (a) the first TLS
and (b) the second TLS to be in the exited state. The inset shows the
probability of the second TLS to be in the exited state at a smaller
scale in time. The parameters and the lines are described in Fig. 1.

introduce an additional relaxation channel that drains excita-
tions from the end of the TLS chain [30]. In our case, this is
the third TLS, which has additional relaxation described by
the Lindblad superoperator [30]

Larain(Ps) = Varain(283ps8; — 6163ps — psé163).  (68)

We assume that the rate of the excitation drain Vg, 1S
faster than the dissipation rate of this TLS, Yaain > ¥ .

Thus, the master equation for the density matrix of the
system pg takes the form

d [ A “ ~
gﬁs(l) = —%[Hs, o514+ L[ps()] + Larain[ps (@)1, (69)

where the Hamiltonian Hg and the Lindblad superoperator
Larain[ps(1)] are defined by Eqgs. (67) and (68), respectively,
and the Lindblad superoperator L[ps(1)] that arises due to
interactions of the TLSs with dissipating and dephasing
reservoirs is described by Eqs. (50) and (51), respectively.
Note that in the zeroth order of the perturbation theory, the

ho,

ho.
R

drain

FIG. 3. Schematic of the TLS chain. At the initial moment, only
the first TLS is excited.
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I/ .l
= 0.05 . p
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’ /
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7/ 7/
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0.01 ’ K
4 ’
4 - -
0.005 e Q L7 Q G
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FIG. 4. Dependence of the quantum transport efficiency n on
the dephasing rate I'. The parameters of the system are w, = 2w,
g=00lw,y = 10 Vg, Vdrain = 10~%w;, and (a) w3 = 0.8w; and
(b) w3 = 1.2w,. The blue dashed line corresponds to master equation
(69) with the local Lindblad superoperator Lps(1)], the red dash-
dotted line corresponds to master equation (69) with the Lindblad
superoperator L[pg(¢)] obtained in the first order of the perturbation
theory, the purple dotted line corresponds to master equation (69)
with the Lindblad superoperator L[ps(¢)] obtained in the second or-
der of the perturbation theory, and the green solid line corresponds to
master equation (69) with the exact Lindblad superoperator L[ps(1)].
Arrows indicate the dephasing rate I' above which the criterion (48)
is violated with ¢ = g/|w, — ;| and n = 0 (blue arrow), n = 1 (red
arrow), and n = 2 (purple arrow).

Lindblad superoperator L@ [ps(¢)] defined by Eq. (54) coin-
cides with the Lindblad superoperator obtained with the local
approach [2,21-32]. In the first order of the perturbation the-
ory, the Lindblad superoperator takes the form L [pg(#)] +
LD[ps(1)], where LV [ps(1)] is defined by Eq. (66).

At the initial moment, only the first TLS is excited. The
capability of the system to conduct the excitation from the
first TLS to the third is characterized by the quantum transport
efficiency n defined as [30]

+00
n=—/ tr[67 63 Larain(Ps)1d1 (70)
0

From a physical point of view, the quantum transport ef-
ficiency n of the chain of the TLSs is the probability of the
initial excitation of the first TLS to be transmitted to the drain.

The dependence of the quantum transport efficiency on
the dephasing rate is shown in Fig. 4. The master equation
(69) with the exact Lindblad superoperator I:ex[f)s ()] [Eq. (9)]
predicts that the quantum transport efficiency 7 is very small
and is independent of the dephasing rate I (the green solid
line in Fig. 4).

As one can see from Fig. 4, the dynamics predicted with
the local Lindblad superoperator L[ps(t)] = L@ [pg(1)] fails
to describe the quantum transport when the dephasing rate I"
is greater than the value

I' > y(w —wy)/g. (71)

The reason for this is that the local Lindblad equation does
not include cross relaxations. It is important to note that the
inequality (71) coincides with the criterion (48), which is
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needed for the second law of thermodynamics to hold. To
compare Eqgs. (71) and (48) we have to set ¢ = g/|w) — wi|
and n = 0 in Eq. (48).

The master equation (69) with the Lindblad superoperator
LO[ps()] + LV ps(1)] obtained in the first order of pertur-
bation theory describes the cross relaxation of the neighboring
TLSs. The quantum transport efficiency calculated with the
perturbation theory is close to the one calculated with the
exact Lindblad superoperators with a wide range of dephas-
ing rates (Fig. 4). The first-order perturbation theory fails to
describe the quantum transport efficiency when

I > yl(w — w1)/gl* (72)

J

The reason for this is that the first-order perturbation theory
describes the cross relaxation only for the neighboring TLSs.
However, at high dephasing rates, the main role of the quan-
tum efficiency is played by the cross relaxation of the first and
third TLSs. Note that the inequality (72) is in agreement with
the criterion (48) forn = 1.

Now we consider the second order of the perturbation
theory. As discussed at the beginning of this section, to ob-
tain the Lindblad superoperator ﬁ[,bs (t)] one should solve the
Heisenberg equation (59) within the perturbation theory up
to the second order of the small parameter g/|w, — w;|. The
derivation of this solution is long but straightforward. The
result of the solution is

G1(1) = g + —5 _ele — 1)ge i + g 2&/e1 —1)(287 6 — Déze ™, (73)
W) — w (01 — w3) (w2 — w3)
62(1) = &re ™ + (28] — 1)( Egyerion 4 £ éle—’””) +2 & G1gygfem oo
W) — W3 Wy — Wy (w1 — w3)(wr — w3)
g » g g g »
+2 é\_’r A2§_3671(*w1+w2+w3)t 42 1315 T§3e*l(w1*w2+w3)f’
(03 — )@ — 1)~ w1 w3 =20 \wy —w3 W —w 2
(74)
A A —iwst 8 ZATA — ey e ot gz 2AfA 1 2ATA — 1)& e 1t 5
63(t) = Gze + (28583 — Dae + (28583 — 1)(28, 82 — D)G1e™™", (75)
w3 — wy (w3 — w1 )(w2 — w1)

where the operators &y, &, and &3 can be derived from the
conditions 1(0) = &1, 62(0) = 65, and 65(0) = 3.

The master equation (69) with the Lindblad superoperator
obtained in the second order of the perturbation theory pre-
dicts the quantum efficiency, which is in good agreement with
the one calculated with the exact Lindblad superoperators in a
wide range of the dephasing rate I' (Fig. 4). The second order
of the perturbation theory describes the cross correlations of
all three TLSs but does not correctly predict the quantum
transport efficiency when the dephasing rate I is as high as

T > yl(w —w)/gl. (76)

The inequality (76) is the same as the criterion (48) for
n=2.

Thus, in the case of the TLS chain shown in Fig. 3,
the transport efficiency cannot be significantly improved by
increasing the dephasing rate of each TLS (Fig. 4). This
contradicts the local theory that leads to incorrect system
dynamics. The perturbation theory takes into account the
cross-relaxation processes between TLSs and restores the cor-
rect dynamics of the system (Fig. 4). At the same time, the
correct description of the system dynamics at higher dephas-
ing rates requires higher orders of the perturbation theory.

V. CONCLUSION

In this paper we have analyzed the applicability of Lind-
blad superoperators obtained within the local theory to the
problems of open quantum systems and developed a per-
turbation theory for the Lindblad superoperators for open
quantum systems containing several interacting subsystems.

(

Each subsystem also interacts with its own reservoirs. When
the local Lindblad superoperators are applied, the second law
of thermodynamics may be violated and the prediction of the
dynamics of the system may be incorrect. We have shown
that the main reason for this is the interaction of the system
with dephasing reservoirs. The perturbation theory that we
developed can restore the correct dynamics of an open quan-
tum system and provide the fulfillment of the second law of
thermodynamics. The perturbation theory developed for the
Lindblad superoperators can be applied to various open quan-
tum system problems. The theory does not require additional
complicated calculations, such as solving the eigenvalue prob-
lem, and it takes into account cross relaxation that may play
an important role in the dynamics of an open quantum system.

ACKNOWLEDGMENTS

E.S.A. and V.Y.S. are grateful to the Foundation for the Ad-
vancement of Theoretical Physics and Mathematics BASIS.
A.AL. acknowledges the support of the ONR under Grant No.
N00014-20-1-2198.

APPENDIX A: PERTURBATION THEORY FOR
TRANSITION OPERATORS

In this Appendix we present the details of the derivation
of perturbation series for the Lindblad superoperator. We con-
sider the system with the Hamiltonian (1).

First, we consider the case £ = 0 in the Hamiltonian (1),
which corresponds to the separate subsystems, and discuss
the well-known results. According to the well-known standard
algorithm [19] for obtaining the Lindblad equation in the case
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& = 0, the Schrédinger operator 8., should be expanded in the
basis of the eigenstates |k(“ ) of the subsystem Hamiltonian

H(lS)

Sa =Y (kS |8u kSN SN kS| = ngj}, (A1)

ijea
where
85 = (6593, KN, A0l = o — o

aij ocz] oj (7

(A2)

Since all the eigenstates |ksis)) and the eigenfrequencies
w® of the Hamiltonians A" are assumed to be known, the
interaction representation for the operators S, takes the form

exp (il—?s(is)t/h)ga exp (— iﬂs(is)t/h)
= exp(iA{t /)8, exp (— iHE1/1)
Z (kS |8 k) kS kS exp ( — iAw(r)
Z Sl exp (—iAwl ), (A3)

where SSIS]) does not depend on time. Here we use
the fact that |kgj)) is the eigenstate of the Hamilto-
nian A, and exp(HY DKL) = exp(ioy?t)[k(?) and
(kP exp(—iHgy't) = (k7| exp(—iwyt). It should be noted
that the operator ng]) corresponds to transition of the subsys-
tem o« from the state |k§_?)) to the state |k§is ).

If the unified system A, S(is) interacts only with one reservoir
Hp,, then the standard procedure leads to the Lindblad super-
operator [16]

Lalps@) =Y 12Ga(ASN{[85), ps)38)]
aij
+ [85ps(0), 851} (Ad)

where ps(t) is the density matrix of the big system and
)\i Ga(Aw{(;f;) is the relaxation rate. In the more general case

when the system ﬁs(is) interacts with the set of the reservoirs
Hy = Do H o and these reservoirs are uncorrelated (I?O,I?ﬁ) =
0, the standard procedure leads to the Lindblad superoperator
of separate subsystems [16,17]

Lips()) = ZZAZ (M85, ps)SS)']

+ [S;‘f} 5(t), 85}

Y Labsysemlps(0)]. (A5)

subsystem

Thus, in the case when the subsystems do not interact, the
Lindblad superoperator reduces to the sum of the superopera-
tors for isolated subsystems [17,20].

Now we consider the case when the subsystems can inter-
act with each other, i.e., ¢ # 0 in the Hamiltonian (1), and
develop the perturbation theory for the Lindblad superoper-
ators. We suppose that despite the fact that the subsystems

interact with each other, the interaction of each subsystem
with its own reservoir remains the same, as in the case of
noninteracting subsystems [see Eq. (1)].

The procedure described in the preceding section covers
the case ¢ = 0. In the case ¢ # 0, the Lindblad superoperator
(A5) is not correct despite the fact that the reservoirs and
the interaction between reservoirs and systems remains un-
changed. The Lindblad superoperator (A5) has been obtained
by employing the basis of the system eigenstates [k) (k (ls)|
If ¢ # 0, these basis states are not the eigenstates of the
Hamiltonian Hg and now

exp(iHst /1)Sy exp(—iHst [h) # Y 84 exp (— iAaf).
ij

(A6)

To employ the standard algorithm, we should find new
operators S, = (ki|Sa|kj)|ki)(kj|, where |kj) are eigen-
states, w; are eigenfrequencies of the Hamiltonian Hg, and
Aw;; = w; — w;. However, now the subsystems are not iso-
lated; therefore, the eigenstates |k;) and eigenfrequencies w

of the Hamiltonian Hy of interacting subsystems are unknown,
so the operators S, Aw,, are also unknown. In the general case,
this problem cannot be solved analytically. Moreover, the
numerical solution is usually difficult to implement. As an al-
ternative, we develop the perturbation theory for the Lindblad
superoperator.

The perturbation theory for the Lindblad superoperator
developed here is based on searching for the approximate
expansion for the operator exp(iHst/h)S, exp(—iHst /h) in
the form

exp(iHst /)8, exp(—iHst /1)

= Z S(O)(O,exp( — iAo Ot) + ¢!

Aw©®

X Z S(Al,,)_,(nexp( —iAoVt)+ -+, (A7)

Ao

where the operators SX’)(,,) do not depend on time. The expan-
sion (A7) is to be found by means of the perturbation theory
for a small parameter €. Once the expansion (A7) is found we
can directly apply the standard procedure using the expansion
(A7) to obtain the Lindblad superoperators in a power series

of e,

+00
Lps)] = Z "L [ps(1)]. (A8)

n=0

Below we show how L™[ps(¢)] can be obtained. The
starting point for our perturbation theory is the expansion
for the operators Sy (Al). The expansion (Al) is still valid
because the set of the states |k(1g)) is still the complete basis
of the whole system. We substitute the expansion (Al) into
the expression exp(iﬂst /h)S‘a exp(—iﬂst /h) and arrive at the
expression

exp(iHst /1)S, exp(—iHgt /1)

=Y exp(iHst /RSS! exp(—iHst /1) =

i

2 8.0
i

(A9)
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For convenience, we introduce new operators

S, (1) = exp(iHst /)S) exp(—iHst /). (A10)

Now the standard procedure demands the operator S, (1)
to be presented in the form

Sm.j(t) = Z S/Aa) exp(—iAdt),

Ad

(Al1)

where the operators 8/, do not depend on time and A&
are some yet unknown frequencies. The substitution of the
expansion (A11) into the expression (A9) allows us to directly
apply the standard procedure to obtain the exact Lindblad
superoperators. Below we show how the expansion (All) is
obtained by means of the perturbation theory. To find the
expansion (A11) we take the time derivative from both sides
of (A10). As a result, we obtain the equation for the operators
8.0,
;

dS,;;(0)/dt = —iAwy)S, (1) + SE[W(I), S, (], (A12)

where the operator W (¢) is the operator of subsystems inter-

action, taken in the Heisenberg representation as [55]
W (t) = exp(iHst /R)W exp(—iHgt /).

The initial condition for Eq. (A12) follows from the defini-
tion (A10) at t = 0 and has the form

S ..(0) =8

aij aij*

(A13)

(Al4)

To obtain the expansion (Al1), one may solve Eq. (A12)
with the initial condition (A14). It is easier to perform this by
employing the perturbation theory. We expand the operators
S,ij(t) in a series of the small parameter ¢,

S, =80 )+ eSS+ . (A15)

To solve Eq. (A12) with the perturbation theory, we should

expand W (¢) in a series of the small parameter ¢ as well,

W) =WO) +eWP@)+---. (A16)

We substitute these expansions for Sm. ;() and W(t) in
Eq. (A12) and equate factors at the same powers of €. As a
result, we obtain up to the second power

(t)/dt = —iAe()ST (@),

48

i) S50 =3 . (A17)

(is) »
utAa)m.j

J

dS.) (1) /dt = —iAwlS) () + i Z Z Waeyain jrina |

o i1 jiizja
Q) _
Sm-j(O) =0.

The solution to Eq. (A24) is

§O) 8O &)

aij Aa)(is) + Awszsi)zjz

a1#ay i jiizja aiipji

ariy 1 onijp’ Maij

S(l),(t) _ Z Z Walaziljliz.iz[ iy j1 Paninja’ aij] {1 —exp [ . i(Aw(is)

i9) & L Q
SRS LA OR SO |

aijSaij wij

dS.)/dt = —iAw

i

SW0) =0,

oij

(A18)

wij aijSaij [£13]

a2 (1)/dt = —iAe®82 (1) + %[Wm(t), 89O 0]

oij

i & C
+ E[W(O)(t), Soi®]. 850 =0. (A19)

The solution of Eq. (A17) is
SSh) = 85 exp(—iAwS)t), (A20)
where ng; = 8% Note that the expression (A20) has the
form (A11). Moreover, the expansion of (A11) in the zeroth
order of the perturbation theory takes the form

exp(il-?st/h)S‘a exp(—iﬂst/h)
A Z Sgg.(t) = Z S’SI); exp (— tAa)gfj)t)

aij aij

(A21)

Since §$) = S‘(Sf ). the expansion (A21) is equal to the ex-
pansion (A3). If we now apply the standard procedure using
the expansion (A21), we will obtain the Lindblad superop-
erator (22). The Lindblad superoperator (22) is equal to the
Lindblad superoperator (AS5); thus the Lindblad superopera-
tor in the zeroth order of the perturbation theory developed
coincides with the local Lindblad superoperator.

To solve the higher orders of the perturbation theory we
use the explicit form (13) for the interaction operator W.
Employing (A13) and (A10) we get

; 7 00) &0
W(t) = exp(iHst /)R Z Z walaziljlil-izsélzljl Sélzz‘zjz
a1#ay i jiizja

exp(—iHst /1)
=1 Y Y WamijiaisSai jy O8un, (1) (A22)

arF#an i jiiz o
Substituting the expansions (A15) and (A16) into the ex-
pressiqn (A22), we can express the terms W (¢) through the
terms ngj) (¢) as follows:

— Q1) Q(m)
W(n)(t) = Z Z Z w““”?i‘jli?j?Swllilj] (Z)Swzzizjz(t)'

nitny=n oy #£as i1 jiiz )2
(A23)
Returning to the first order of the perturbation theory, we
should substitute W©(¢) and (A20) into (A18). As a result,
we arrive at

SO 89 exp[ - i(AwS?i)]j] + Aa)((;;)zj2

+ Aa)],

oij

(A24)

+A0®™) ]} exp (—inal)r).

a2iz o aij

(A25)

i
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Note that if some frequencies Aa)f;lsl)l at Aa)f;zsl)2 i

are equal to zero, that is, secular terms appear, it is necessary to use the

method of multiple scales [56]. In this case one obtains the corrections to the frequencies Awgf]) Below, for simplicity we assume

that all the frequencies Aw™) . + Aw™) .

(ST Wi i o

Eq. (A12) up to the first order by ¢ takes the form

exp(iHst /1)S® exp(—iHst /1) =

aij Mj

=89 exp (— zAw(ls)

aij

x {1 —exp [ (A0, + A, )] exp (= iawf).

The expansion (28) according to the general theory leads
to the Lindblad superoperator (29). The higher orders of the
perturbation theory can be obtained in the same way.

Above we assumed that the interaction between the sub-
systems (13) is defined by the same operators that are
present in the system-environment interaction [Eq. (2)]. If
this assumption is not fulfilled, the theory developed can
be straightforwardly generalized to be applied to such cases
in finite-dimensional problems. Here we briefly discuss this
generalization. Suppose the interaction (13) contains the

J

in the sum (A25) are not equal to zero when wq,q,i, j,irj, 7 0. Thus, the solution of

(1) ~ s“” )+ sS“’(r)

((OEI(O] Q(0)
Wa,ayiy jiiz ja [S S, S, ]

ayiy 1T anij’ Vaij
+8 -
Z Z AC()(IS-) 4 Aa)(ls.)

a7 i1 jiiz ja a1 ji 02iz o

(A26)

(

operators, which are not present in system-reservoir interac-
tion (2). Then the Heisenberg equation for the first-order ap-
proximation (A18) will contain some new operators of zeroth
order, which appear due to the commutator [W© (), S(O) ®)].
To make the system of operator equations (A18) closed
one needs to write down the Heisenberg equation for new
operators appearing in the zeroth order. Thus, for the finite-
dimensional case, we obtain a finite-dimensional linear
system, which can be solved exactly. The same generalization
can be done for higher orders of the perturbation theory.

APPENDIX B: PROOF OF EQS. (34) AND (35)
We start with the proof of Eq. (34). The substitution of Eq. (22) into the left-hand side of Eq. (34) leads to

Hg
exp <—17t>L(O)[,O ()] exp (l—t) Xa: Z A2G, Awgfj)

The difference between the operator Sai ;

with the operators Sg:; (t) in Eq. (B1) and obtain

exp (

(t) and the operator

ﬂ 18
- )L(O)[ps(t)]exp <l—t) ;sz (A0l

The substitution of Eq. (21) into Eq. (B2) leads to Eq. (34).

{[Saij (=), ps(®)S];;(—=1 + [Saij(—)ps @), 8L, (=01} (B1)

QO
S,/ (1) is equal to &. Therefore, we replace the operators Sw (1)

HISE (=), s)SS (—0)] + [S(=0)ps (). 85 (—)]}.

(B2)

Equation (35) can be proved in the same way. To prove Eq. (35) we rewrite the Lindblad superoperator Lo [ﬁs(t)] +

eLM[pg(1)] in the form

EOlps@) +eEOps ~ Y ZAZ

[(S“” +e8\0)p

aij

The substitution of Eq. (B3) into Eq. (35) leads to

exp <—

z%t){ﬂm[ﬁs(rn + eV [ps(]) exp <i%z>

= Z Z)‘ZG Awgf]) { |:exp (—z 5 )(S(Eg; + 8&%) exp <175t), Ps(t)exp <_

~

+ [exP (_

Aw‘g’l’sf) [(Sét?; + 83‘5:11;)» ps)SY +e800H7T]

aij aij

@), (89 + 501} (B3)

aij aij

Hg H.
i )(sgg; T e80) exp (ﬁ)]

A

Hy Hg Hs H
i~ )(S(ES; + eSéll;) exp <17t>ps(t) exp <—z W )(Sé?; + eSLIJ) exp <1751>:|} (B4)
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2 _f<6fr Gy>dt

0.8 0.9 1.0 1.1 12
wol wy (eV)

FIG. 5. Occupancies integrated over time for the excitation transfer problem, (a) y; f0+

0.8 0.9 1.0 1.1 12
wolwq (eV)

(6, 61)dt and (b) V2 (02 6,)dt, plotted as

functions of the ratio of the TLSs’ excitation frequencies w, /w;. The parameters of the system are the same as in F1g 1: g=00lw, ') =

= 1073(01, Y= 10760)1, V) =

1077w, and temperature T = 0. Blue dashed lines represent the solutions of the local Lindblad equation,

red solid lines represent the solution of the exact Lindblad equation, and vertical orange lines indicate the degenerate case w,/w; = 1.

Let us consider the operator exp(—iI:ISt /(S §O + &S g

)exp(zHSt /h). We use the definitions (28) and (A10) and obtain

aij aij
Waanis iz [ Saniy jy 8ty jo (—1): S (—1)]
0) (1) 100201 J112 )2 | Moy ji oin o aij
exp (— )(Sw, + 8Sm]) exp ( ) =8.ij(=1) + Z Z IVCIEYVCE . (B5)
arF#as i jiizjo O1111]1 i ja
The substitution of Eq. (27) into Eq. (B5) leads to the approximate equality
1 Hy s
exp <_ )(sgjj +e80) exp (T) (39 4 e39) exp (—inr). (B6)

The difference between the left-hand side and the right-hand side of Eq. (B6) is proportional to £2. The substitution of Eq. (B6)

into Eq. (B4) leads to the approximate equality (35).

APPENDIX C: APPLICABILITY OF LOCAL LINDBLAD
EQUATIONS FOR DEGENERATE SYSTEMS

In this appendix we consider the applicability of the local
Lindblad equations for the degenerate systems, i.e., when the
subsystems have the same excitation energies.

The local Lindblad equation leads to erroneous energy
transitions between the subsystems. These erroneous energy
transitions require additional energy, which is of the order of
the energy mismatch between the subsystems. The reservoirs
provide the additional energy to the system. If the dissipa-
tions in the system do not compensate for this energy flow
from the reservoirs, violation of the second law of thermody-
namics occurs. Keeping in mind this mechanism, one should
expect that the local Lindblad equations for the degenerate
subsystems should be thermodynamically consistent. Indeed,
the erroneous excitation transitions between the subsystems,

(

caused by application the local Lindblad equations, would not
require the additional energy in the degenerate case.

We illustrate the above arguments in Fig. 5, which shows
a comparison between the results obtained with the local
Lindblad equation and exact Lindblad equation. As an exam-
ple we consider the excitation transfer problem between two
TLSs with transitions frequencies w; and w,. The first TLS is
initially in the excited state and the second one is in the ground
state. To characterize the excitation transfer from the first TLS
to the second TLS we use their occupancies integrated over
time, y; ;"™ (8/61)dt and y, [,"™ (6)62)dt. One can see
that for the degenerate case (w2/w; =~ 1) the local Lindblad
equations and exact Lindblad equations give the same results,
i.e., the zeroth order of perturbation theory is quantitatively
correct. Thus, for the problem of quantum transport, it is the
nondegenerate case that requires special attention.
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