CrossMark

s

Available online at www.sciencedirect.com

ScienceDirect

Photonics and Nanostructures — Fundamentals and Applications 12 (2014) 387-397

PHOTONICSAND
NANOSTRUCTURES

Fundamentals and Applications

www.elsevier.com/locate/photonics

Spontaneous radiation of a two-level atom into multipole modes of a
plasmonic nanoparticle™

E.S. Andrianov®"*, A.A. Pukhov®"¢, A.P. Vinogradov *"°,
A.V. Dorofeenko ®", A.A. Lisyansky ¢

2 All-Russia Research Institute of Automatics, 22 Sushchevskaya, Moscow 127055, Russia
5 Moscow Institute of Physics and Technology, 9 Institutskiy per., Dolgoprudniy 141700, Moscow Reg., Russia
¢ Institute for Theoretical and Applied Electromagnetics RAS, Moscow, Russia
4 Department of Physics, Queens College of the City University of New York, Queens, NY 11367, USA

Received 14 March 2014; received in revised form 30 May 2014; accepted 2 June 2014
Available online 23 June 2014

Abstract

We consider the relaxation of an excited two-level system (TLS) positioned near a spherical plasmonic nanoparticle (NP). The
transition frequency of the TLS is assumed to coincide with the frequency of the condensation point of NP plasmonic resonances.
We show that the relaxation of the TLS excitation is a two-step process. Following an initial exponential decay, the TLS breaks in
to Rabi oscillations. Depending upon the distance between the TLS and NP, the probability of the TLS being in the excited state
exhibits either chaotic or nearly regular oscillations. In the latter case, the eigenfrequency of the TLS-NP system coincides with one

of NP multipole modes.
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

The problem of the giant decrease of the radiative
relaxation time of atoms near metallic NPs has attracted
considerable interest in the last decade due to explosive
growth of nanoplasmonics [1-6]. In the case of inter-
action with countable number of high multipole modes
the relaxation is much more complicated than in simple
cases of dipole moment relaxation, which may be the
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exponential fall-off of a TLS excitation into a continuum
of modes [7] or the Rabi oscillations when the TLS
energy is transferred into a single resonant mode [8]. It
has been shown recently [9], that the rate of spontaneous
exponential nonradiative decay in a TLS, which is in
resonance with the dipole mode of a lossy plasmonic
sphere, increases by several orders of magnitude thanks
to accounting of higher non-resonant multipole modes.
This qualitatively agrees with ideas of Ref. [10] that
though the contribution of higher multipoles to photon
radiation is smaller than that of the dipole, Joule dissi-
pation of higher multipoles is significantly greater than
the dissipation of the dipole. The increase of dissipation
leads to a decrease of the life-time of the emitter.

In the case of a metallic NP, the energy can be trans-
ferred into an infinite but countable set of modes which
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spectrum has a condensation point. It is not intuitively
clear how a TLS, which is in resonance with the NP con-
densation point would decay. One might expect that the
relaxation of this system due to coupling to an infinite
number of modes is similar to the case of coupling to a
continuum of modes. On the other hand, the relaxation
into the condensation point may resemble the relaxation
into a single resonant mode.

In this paper, we study the spontaneous relaxation
of a TLS, with a transition frequency in resonance with
the frequency of the condensation point of higher multi-
pole resonances. We show that the relaxation of the TLS
into a condensation point of the NP plasmonic spec-
trum is quite unusual. It occurs in three stages. In the
initial stage, it has the exponential character due to the
existence of infinite albeit countable number of modes
to which it couples. This is similar to the case of contin-
uum of modes. However, the system relaxes not into the
ground state but toward a quasi-stationary state. Then, in
the second stage, the exponential decay transforms into
the Rabi oscillations. In the latter stage, the probabil-
ity of the TLS to be in the excited state, exhibits either
chaotic or nearly regular oscillations depending upon the
distance between the TLS and NP. Finally, at the third
stage, the relaxation is again exponential due to Joule
losses in metal.

The problem of atomic relaxation near a metallic NP
requires a quantum description of the field and radiat-
ing system [11-14]. The simplest approach using the
Fermi Golden Rule does not produce the radiation spec-
trum unless an additional assumption is made about the
Lorentzian line shape, which arises from the interaction
of the TLS with continuum of modes [7]. To obtain the
decay law from the first principles without additional
assumptions we use the Weisskopf—Wigner [8,14].

2. Time evolution in the limiting cases of
continuum of modes and single mode

The general analysis of a TLS interacting with cavity
modes is given in Ref. [7]. Let us consider a set |k) of
resonator modes and excited |e) and ground |g) states
of the TLS. In order to describe the relaxation of the
excited state of the TLS, we assume that each resonator
mode can interact with a continuum of modes kk” of some
reservoir. If the corresponding kk’ modes are phonons in
metal, the interaction reduces to the Joule losses in the
NP. So we may take the Hamiltonian of system in the
form

In the Hamiltonian (1), the first term corresponds to
the TLS energy (wtLs is the TLS transition frequency,
& is the transition operator between ground and excited
states of the TLS), the second term describes the energy
of each multipole (wy is the resonance frequency of
the kth multipole mode of the NP, g, is the plasmon
annihilation operator), the third term corresponds to the
interaction of the TLS and the kth multipole mode (i
is the interaction constant), the fourth term corresponds
to the energy of the thermal reservoir (wy is the eigen-
frequency of k'th multipole mode of the NP, by is the
annihilation operator of this mode), and the last term
describes the interaction between kth and k’th multi-
pole modes of the thermal bath (I is the interaction
constant).

Let us expand the wave function of the system
“atom + resonator modes +reservoir modes” over the
stationary states in absence of interactions

¥ (1) = A1) exp(—iwtLst) |e, 0, 0)

+ > Bi() exp(—iwxd) g, 1k, 0)
k

+> Car(®) exp—iogt) 18,0, ). (2)
k,k'

where |e, 0, 0) denotes the state in which only the atom
is excited, |g, 1k, 0) is the state in which only the kth
mode of the resonator is excited, and |g, 0, 1;;) denotes
the state in which only k’th wall mode of the kth mode
of the resonator is excited.

Using the Schrodinger equation with Hamiltonian (1)
and expansion (2) we obtain the system of equations

iA(t) = v Bu(t) exp(—i(wr — wrLs)D), 3)
k
iBi(t) = yk A(t) exp(i(wx — orLs)t)
+ Y i Cro (D exp(—iw — o)D), ()
k/
iC (1) = T Bi(1) exp(i(wger — wp)t). 5
Taking into account the initial conditions A(0)=1,
Bi(0)=0, C(0)=0 and using the Fourier transforma-
tion

1 o
a(q) = e / A(t) exp(igt)dt, (6)
T Jo

H = horisé's + B ot + 5 v (a;‘;a +ot ak) + 1Y bl by + By T (&}:i)kk/ + B,ﬁk,ak) . (1
k k k'

kk'
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1 [® . .
Bi(q) = o / By (1) exp(—i(wx —wrLs)?) exp(igr)dt,
0
(7N
1 o
S (q) = - / Ciw (1) exp(—i(wgkr — @TLS)T)
7 Jo
X exp(igt)dt, 8)
we obtain an algebraic system of equations
— 5 taug) = Zyk Bi(@). ©)
(q— DB = na(@) + > _ TS (@), (10)
k/
(q — (A + A S (q) = T Pr, (11
where Ay, = wy — wrLs and Ay = wp — OTLS.
The solutions to Egs. (10) and (11) are
T Br
Sk (q) = ———————, (12)
q — (Ax + Awe)
Yee(q)
Bi(g) = T (13)

[T |
q— A=y 4—(Ar+ A )Fi0

In our case, the resonator modes are all multipole
plasmonic modes. They are collective excitations of
electrons interacting with boson modes of the thermal
reservoir (i.e., with phonons). This interaction represents
the Joule losses in metal. In Eq. (13), the interaction
between modes and the reservoir is described by the sum
in the denominator which can be expressed as

L - Twl __ / dk'p(k')
g — (Ar+ Aw)

k'

| T 12
q— (A + Ape)’
(14)

where p(k’) is the density of states of the ther-
mal bath. Using the standard regularization procedure,
(x +i0)~! = —izs(x) + P(1/x), and neglecting the
Lamb shift we obtain the effective relaxation rate g,
which is equal to the linewidth of the kth mode

/ dk’ p(k)

~ —inp(k")| D | = —ig. (15)
A =q—Ak

| T 12
q— (Ax + Awe)

Thus, the thermal bath with the continuum of bosonic
modes induces the exponential decay to the kth mode of
the system which interacts with this bath [4,8].
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Using Eq. (15) we obtain the following solution for
Egs. (9)—(11):

1
alq) = — e (16)
4 qu Aptige
a(q) vk
= . 1
Br(q) 7= At ist (17)

Substituting Eqs. (16) and (17) into Egs. (6) and (7)
and using the inverse Fourier transform we obtain the
probability amplitudes

1 16—00 —ighd
AW =5 / _ (g ’q‘)lzq , (18)
T Jibroo q_qu*Ay];+igk

1 i§—00
Bi(t) = —
«(1) 27Ti/l'(3+oo

yi exp(—igt) exp(—it/ k)dg
. 2 :
(@ - Ac+igo (a- i )

The value of § in Egs. (18) and (19) should be greater
than real parts of any pole of the integrands in these
equations. Then, all the poles are inside of the integra-
tion contour, which is the straight line (i§ + oo, i§ — 00)
closed into the lower half-plane.

Form Egs. (18) and (19) we can obtain the main
results concerning atom dynamics. As an example, we
consider two limiting cases. In the first one, we obtain
the relaxation of a two-level atom in free space (|yx 12 =
wkM%Ls cos? 0/2e0hV) with continuum of modes [4,7].
To begin with, one can use the standard summation pro-
cedure on free space modes,

Vv 2 T o0
-2 do | dosin® [ Kk’dk,  (20)
3
2m)” Jo 0 0

k

and then use the regularization procedure described
above to obtain:

o0
|J’k|2 H«%‘Ls o dw
Z 2.3
—q— A 6m’eghc / q — (0 — orLS)
o0
3 2 3
~ MTLS‘UTLS + HTLS P / w”dw
6n80hc3 6m2e0hic3 ® — OTLS
0
= —iy/2 + Awy, 2D

where we y and Awy, represent the dissipation rate and
the Lamb shift, respectively. Now, Eq. (18) takes the form
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] i§—oo . d
—iqt
A =L [ epiandg
2mi qg— Aw +iy/2
i§+00

= exp (= (y/2 +idw)1), (22)

which corresponds to the exponential decay to free space
modes.

The second case corresponds to decay of a TLS in a
single mode cavity [8]. In this approximation, |y;|> =
a)lzz’ g =0 and we can find poles of the integrand of Eq.
(18): g = Fwr which corresponds to oscillation with the
Rabi frequency:

A(1) = cos(wgr?). (23)

Thus, as expected, the interaction with system with
continuous number of modes results in the exponential
decay while the interaction with single mode results in
the Rabi oscillations and absence of decay.

3. Multipole modes of the nanoparticle

Now, we consider the relaxation of the TLS inter-
acting with the countable number of modes whose
spectrum has a condensation point. It is hard to pre-
dict the behavior of this system qualitatively because, on
the one hand, we have an infinite number of modes that
should cause an exponential decay, on the other hand,
the set of modes is discrete and one can expect that the
interaction with each mode may lead to the Rabi oscilla-
tions. As an example we consider a spherical plasmonic
NP with the dielectric permittivity e=—1.

In this and the next subsections, we discuss the mode
structure of a plasmon spherical NP and perform its quan-
tization. These modes are determined by eigensolutions
of the Laplace equation for the scalar potential ¢

V() Ve(r) =0 (24)

with the boundary conditions on the sphere surface
i out

on

dg
= fout—

on

; (25)

Ir|=a

€in

[r|=a

where a is the radius of the sphere, i, @i, and
Eouts Pout are dielectric permittivities and scalar poten-
tials inside and outside of the sphere, respectively. For
the sake of simplicity, we assume that £,y = 1. Then the
solution of Eq. (24) with boundary condition (25) has the
form [5]

(r/a)n Yim@,9), r=<a
Pnm =

: (26)
r/a)" Ym0, @), r>a

where Y,,,(6, ¢) are spherical functions. The nth fre-
quency is determined by the condition

sin(on) = — : L @7

Below, we assume that the dispersion of the metal NP
is described by the Drude formula

2
a)pl

Ein(@) =1 - —7, (28)
w

where wp is the plasmon frequency of metal. Eqgs. (27)

and (28) determine resonance frequencies

/ n
wy = Cl)p] m (29)

Note that eigenfunctions determined by Eq. (26) are
degenerated: 2n+ 1 eigenfunctions corresponds to the
nthresonant frequency as parameter m runs from —n ton.
When n — o0, the resonant frequency w, — wp;/ V2,
which is the condensation point of eigenfrequencies.

3.1. Quantization

Before we start quantizing electromagnetic field of
the spherical NP, we have to note that since the Laplace
equation only describes the static (near) field of the NP,
in this approximation, the electric field does not change
in time and the magnetic field is equal to zero. Because
quantization of the electromagnetic field and the concept
of the excitation quant are related to the part of the vector
potential which depends on time, in this approximation,
the quantization seems impossible. This can be resolved
if one considers the quasistatic approximation in which
the dependence of the potential on coordinates is given
by Eq. (26), while the dependence on time is simply
harmonic oscillation with the frequency of the corre-
sponding resonance. That is, the electric field has the
form E,;,(r, t) = —V@u,(r) exp(io,t). Then the elec-
tric field is a harmonic oscillator that can be quantized
in a standard way (see, e.g., Ref. [12]).

At the frequency of the nth plasmon resonance, the
corresponding mode of the electric field of the NP obeys
the harmonic oscillator equation with the frequency of
the plasmonic resonance

Epm + oy = 0. (30)

Now, we can introduce creation, 3Ilm(t), and annihi-
lation, a,,(t), Bose-operators of the dipole moment of

the surface plasmon excited at the NP. These operators
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A N
satisfy the commutation relation {Zznm ®), @, (t)] = 1.

The operator of the electric field can be expressed as

. ; A At
Ewn = —EnmVoum (anm + anm> /‘/Ea (€29)

where the dimensional factor E,,,, is the “quant” of the
electric field. The Hamiltonian of the harmonic oscillator
has the form A, = iy (G um +1/2)

In order to obtain E,,,, one can compare the energy
of one quant with the energy of nth plasmon mode:

b i / d(wRee(w))
\%

= 2
n = 87 EY |Enm| Vonm - V‘P:de

(32)

Wn

Integral (32) can be expressed as

1 [ d(wRee(w)) )
o_ - a. |Enm| VQonm . V(p:mdv

8 \% ow

Wn

_|Ew|® d(Res(w))
T 8w /Vw 0w

+ / Res(@)] o, VP - w;mdv) : 33)
|4

Voum - V‘p:;mdv

Wn

Since the scalar potential satisfies the Laplace equa-
tion, V(Reg(w,)Vy) = 0, and the boundary conditions
(25), the second term in the right hand part of Eq. (33)
is equal to zero:

/ Ree(®)] o, Vum - Vo, dV
1%

= (/ dVin‘i‘/ dVout) §0va(Reg(w)V¢nm)|wn
Vi Voul

where the second integral in the right hand part of
Eq. (34) is calculated over the surface of the NP. We
assume that the medium outside the NP is dispersion-
less, eout = 1, therefore, deqyt/dw = 0. Substituting ¢,
defined by Eq. (26) into the first term in the right hand
part of Eq. (34) and assuming that inside the NP, the
dielectric permittivity does not depend on coordinates
and is described by Eq. (27) we obtain

1 dRee(w)
o7

_ Vo - Vo dV
87 Jy. 7 oo G =¥ L

Wn
a)zl
__r N
B 47m)% /Vin V@V OumdV
2
“ 3
= pl * (pn’n "
B 47[(0% (/BV; nm on ds — A" (pnmAﬁonde>
2
- 20+ 1
_ " B
= 4nw%/9naYannmd.Q_ o a. (35)

When obtaining Eq. (35) we use the normalization
of the spherical functions, f o Yy YundS$2 =1, and Eq.
(29). Finally, we arrive at

hwsp = | En | an + 1) /4, (36)

so that E,,, = /4hwum/a@n + 1) = Eum~/2. Thus,
the operator of the electric field of the nth mode of the
NP is

n A At
Euwn = —EnmVOum | Gum + Ay | - 37

3.2. NP-TLS interaction

The Hamiltonian of a TLS can be represented as

/\T/\

Hris = hotsé 6, (38)

A
where & = |g) (e] is the operator of the transition
between the ground |g) and excited |e) states of the TLS.

We assume that the atom has a dipole moment only,
A A AT
which is equal to drLs = KTLSeTLS (6(t) + 6 (t)) ,

where utrs = (e| er |g) is the value of the dipole tran-
sition and erps is the unit vector in the direction of
the TLS dipole moment. When the TLS transition fre-
quency wrLs is in resonance with the frequency of the
condensation point, it is convenient to represent oper-

ators g(t) and g(t) as g(t) = a(t)e~orst and g(t) =
G(H)e@ms! where a(f) and &(¢) are slowly varying
operators. Now, we apply the rotating wave approxima-
tion [8] in which fast oscillating terms proportional to
eT2erLs! are neglected. In this approximation, the inter-
action V = —d - E of the TLS dipole moment with the

. A At
NP field, E = = Eun Voun <a,,m + anm) , has the
nm
form [8]
V=13 vam (ah6 + 6T ) (39)
nm
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where the Rabi interaction constant of the TLS dipole
moment with the nmth mode of the NP field, y,,,,, has to
be determined.

In the problem under consideration, there are two
characteristic vectors: the vector of the direction of the
dipole moment of the atom, which we assume is deter-
mined by the atom’s structure, and the vector directed
from the center of the atom to the center of the NP. Below,
for the sake of simplicity, we assume that these vectors
are collinear, i.e. the dipole is positioned “over” the NP.
The convenient reference frame for this geometry is such
that the z-axis passes through the centers of the atom and
the NP, so that 6 =0. In this reference frame, the atom’s
dipole interacts with radial component of the field only.
In addition, the atom only interacts with symmetric con-
figurations of the NP field for which m=0. The latter
can be shown by using the representation of the spherical
functions via Legendre polynomials:

2n+1(n —m)!

Yon(®, ¢) = 4 (n+m)!

P (cos 0) exp(img).
(40)

Since =0, we have P,?(l) =1 and P]'(cosb) =
sin™ 6(d™ /d(cos G)m)P,?(cos 0) =0, so that only
the harmonic with m=0 survives. Then, because
Enm r(6, ¢) X Ypm(6, @), only E, ,—o should be taken
into account. This allows us to represent the interaction
constant in the form

2 ‘EnOV(/’nOMTLS 2

[V 7
2w, (n+1)2(a)2(n+2)2n+1 2
T haCn+1) & \r 4r PTLS
_ |itLs [ opl

52(n+2)(n + 1)21’11/2(2” _|_ 1)—1/2’
(41)

2ha3

where & = a/rgy, a is the radius of NP and rg is the
distance between the NP and the TLS.

The full Hamiltonian of the TLS interacting with the
NP has the form

H=rY ot +honss's +1Y n@le+oa). @)
n n

where w, and y, are defined by Egs. (29) and (41),
respectively.

4. Time evolution of the two-level system near the
condensation point of eigenmodes of nanoparticle

Now, we consider the problem of the excitation of
plasmonic modes having a condensation point. In this
case, Ay = wy — wtLs and Ay = wy — wTLs. Since
A = op VK2R F 1) — op1/v/2 ~ —wp/(43/2k), we
express all the frequencies in the units of wp = wp1/ 42,
so that

A =—wo/k, Inl® = ek + 12K P+ 172, “3)

where V2 = lpris o8t/ 2ha® =
16| ptLs|*E* @l /(wpiha’). Using the explicit depend-
ence of y; and Ay on the mode number k, Eq. (31), we
obtain

Al = te—o0 exp(—iqt)dg
O=2 ) 25~ S22kt
ietoo g —y k

q+1/k+igy
(44)
1 ie—00
Bi(t) = —
k@ 2mi .
ie+00
yER(k + DkV/* 2k + 1)7 /4 exp(—igt) exp(—it/ k)dg
. ke D2 2012
(g+1/k+ig) (q - VZZA'W>
45)

In the next section, we use the obtained equations to
investigate the atomic relaxation into multipole modes
of a plasmonic NP.

Let us, first, consider the time dynamics of probability
amplitudes when attenuation is neglected (g=0). This
reflects the physics of the system for small time intervals
in which attenuation is not important.

From Egs. (44) and (45) one can see that the control-
ling dimensionless parameter of the problem is the ratio
of the radius a of the spherical NP to the distance rg
between the two-level atom: £ = a/rg. In order to study
the dynamics of probabilities of excitations of the TLS,
|A(t)|2, and the kth mode of resonator |Bk(t)|2, we solve
Egs. (22)—(24) numerically for g=0 for fixed values of
&. The results of the numerical calculations are shown in
Fig. 1.

The numerical analysis shows that along with the
exponential decay there are irregular Rabi oscillations
with the characteristic frequency §2r (see Fig. 1). For
the times smaller than the Rabi period, y_l, the prob-
ability |A(7))? falls off exponentially until it reaches
a quasi-stationary value, F(co) = lim % fOT |A(0)|dt;

T—00
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1
0.8
0.6
0.4
0.2

AP

0 2 4
10%wot

Fig. 1. The time dependence of the probability, |A(7)|2, of the two-level
atoms to be in the excited state for £=0.8.

after that the oscillations begin. When obtaining these
results we assumed that the decay time of the free TLS
is much larger than the time interval under consideration.
Thus, the exponential decay may be associated with exci-
tation of an infinite number of plasmonic modes.

Let us analyze the behavior shown in Fig. 1 ana-
Iytically. For this we estimate the Fourier-transform
of the probability amplitude «(g) for the popu-
lation of the excited state of the TLS, defined
by Egs. (6) and (44). Using an estimate |yn|2 =
yzéz"(n+ 1?0220 4+ 1)"12~y2n282" for large n,
alg) = 2 - fo A(t) exp(igt)dt, can be expressed as

1 1 1

i
oe(q) = ~= 2 c .
o e 2 _Ayoo K2
DY vesrn 7 2k=1 371/
(46)

The asymptotic expansion of the Fourier transform
near an infinitely remote point gives the asymptote of
the original function near zero. Assuming that in the
denominator of Eq. (46) ¢ > 1/k, we can qualitatively
understand the dynamics of the process at initial time
t K k. We have

@ 1 1
AT 2k 2
ql_izlcsolqi—
1 1
- 2 2’<k2
91— Ly ey okz
1 1
Y 2)k
ql—yzl 0 MZ}?"NEI
_1 1 @7
- 2 WY Lii_(£2)°
11— %Z?zo( )qIZIZ(é )

where Li;(x) = z,filxk /I¥ is polylogarithmic func-
tion. Since we are interested in the case when the TLS is
near the NP, we assume that &£ ~ 1. Then, the main term in
the denominator of expression (47) is the polylogarithm

0.6 0.7 0.8
¢

Fig. 2. The dependence of the exponential decay rate, I", on the . The
results of numerical simulations and analytical evaluation are shown
by solid red and dashed blue lines, respectively.

0.4
\
— R\
& 02
= H
NI
S N
< DR A N s
-0.2
0 4 8

10wyt

Fig. 3. The dependence of |A(r)|> — F(co) on time (red solid line) and
the approximation function exp(—1t) cos(§2rt) with optimal parame-
ters (blue dashed line) for £ =0.8. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version
of this article.)

with /=0, while the terms with [ = 1, 2, ... produce cor-
rections. Then Eq. (47) can be evaluated as

1
a(g)~ 7 T
q-— %Ll—z(éz) + %LI—I(Ez)
B 1
T Reu+sdh |y 8
17 ¢ ey T 7y

The pole of ®(g) isequal totherootg = (2r +iI") /2
of the equation

YE0+E) s £
a(1-g ¢ a-g)

Thus, the imaginary part of the pole characterizes the
rate of the exponential decay of A(?). Fig. 2 shows the
rate of the exponential transition to the quasi-stationary
value as a function of &.

In order to retrieve the characteristic relaxation
time from computer simulation data, we consider the
function P(r) = |A(t)|2 — F(c0) (shown in Fig. 3)
and assume that at short times P(t) = (|A(0)|2 —
F(00))exp(—1It)cos(§2rt). The characteristic parame-
ters, I' and QR, can found by minimizing the quantity

(48)
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0.5 0.7 0.9
¢

Fig. 4. The dependence of the average probability F(co) of a two-level
atom to be in the excited state on &.

[ AP = F (00 exp(— 1) cos(2rt) — (1A~
F(00))dt|. As one can see from Fig. 3, the exponential
decay modulated by cosine provides a fairly good fit to
numerical calculations.

It turns out that the rate at which the system relaxes to
the quasi-stationary state, the parameter I” in the probe
function, practically does not depend on & (Fig. 2). This
can be understood if one takes into account that the expo-
nential character of the decay is usually related to the
presence of an infinite number of modes. Since the den-
sity of states of multipole modes does not depend on &,
one can expect a weak dependence of I" on & as well.
Unlike I', the quasi-stationary state F(co) does depend
on & (see Fig. 4).

For an infinitely large distance between the NP and
the TLS, £=0, we arrive at the free excited TLS, which
should emit a photon and decays exponentially [7]. As
we point out above, the characteristic time of this pro-
cess, Tfree, 18 much larger than the time intervals that
we consider. For finite &, during the characteristic time
T K Tfree, the TLS relaxes to a quasi-stationary state,
F(00), which decreases when & grows. Concurrently, due
to an increase of coupling constants the frequency of the
oscillations (an effective Rabi frequency) increases and
the amplitudes of these oscillations grow reaching unity.

For £>1, the characteristic decay constant I’
becomes smaller than §2g, and since the averaging oblit-
erates information of the system evolution, our approach
ceases to work. Now, to study the system oscillations we
should directly investigate |A(r)|?. These oscillations are
related to the TLS interaction with an infinite number
of higher multipole modes. Our calculations show that
for certain distances between the TLS and NP, the prob-
ability |A(7)|? can exhibit almost harmonic oscillations
with fixed frequencies. For these distances, peculiarities

of the dependence of |A(t)|2 on & occur. For £>0.9, such
peculiarities, the nature of which is discussed below, can
be seen in Fig. 4. The oscillations corresponding to the
peculiarity at £ =0.93 are shown in Fig. 5.

1
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< 04
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0
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10wt

Fig. 5. The dependence of the probability of the two-level atoms to be
in the excited state, |A(£)|?, on time for &£ =0.93.
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Fig. 6. The dependence of the mode number with maximum energy
oné.

S W

Since the eigenfrequencies of non-interacting NP and
TLS coincide, an increase in the coupling constants leads
to the splitting of the eigenfrequency of the joint sys-
tem. Thus, the eigenfrequencies of the joint system move
away from the point of condensation. Consequently, the
latter eigenfrequencies get into the range where the joint
system feels the discrete character of the plasmonic
spectrum. If the eigenfrequency coincides with one of
multipole resonance we observe almost regular Rabi
oscillations. At such values of & the amplitude of the cor-
responding multipole oscillation predominates the ones
of the other multipoles (see Fig. 9).

We can estimate the number of efficiently interacting
modes. When £ is small, the interaction constant depends
on the mode number as y,,~n&". The mode interacting
the most has the number ny,x~ — 1/log& which cor-
responds to the interaction constant ymax~ — 1/elogé.
The width of the peak is Anmax~ — 1/ log €. Thus, when
the TLS approaches the NP, the peak and its width grow
and the peak position is shifted to higher n; as £ — 1,
Ymax —> 00 and npax — 00 (see Fig. 6). This means that
the TLS interacts with of higher multipole modes and the
number interacting mode increases (see Fig. 7). This is
confirmed by numerical calculations. In Fig. 8, in which
average probabilities of excitations of the resonator kth
mode, IBk(t)Iz, for k=1, 2, 3, and 6 are shown.

The behavior shown in Fig. 8 abruptly changes when
the distance between the TLS and NP decreases further
(see Fig. 9). At a distance & = &* ~ (.8, the probability
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Fig. 7. Dependencies of the interaction constant |y,|*> =
Y2EM (n + D?n'22n+ 172 on n for different values of &.
£=0.5 (solid red line), £=0.6 (dashed blue line), and £=0.7
(dot-dashed green line). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this

article.)

Fig. 8. Dependencies of average probabilities of excitations of the
resonator modes | B (#)|? (solid line), | B2(t)|? (dashed line), | B3(1)|>
(dash-dotted line), and |Bs(1)|> (dash-double dotted line) on & for
05<&<é*

of the excitation of the k=6-mode peaks out; it follows
by peaks of | B3(r)|? at & ~ 0.87, then | B2(1)|> at £ ~ 0.9,
and finally by a sharp peak of the excitation probability of
the dipole mode at& = 0.93 (Fig. 9). For further decrease
of &, the mode behavior is reversed again: the peculiari-

ties disappear and | Bx(1)|? is maximal for the mode that
has the strongest interaction with the TLS (see Fig. 10).

This unexpected result can be explained qualitatively.
When £ increases, the interaction with higher multi-
pole modes also increases because the maximum of the
interaction constant grows with & (see Fig. 7). How-
ever, the eigenfrequencies of the multipole modes have
the condensation point w, — wp1/ /2. Therefore, since
we assume that wrLs = wpi/ /2, the interaction of the

& 09 0.99

Fig. 9. The same as in Fig. 8 for 0.8 <&<1.

=
E
E
=
0.96 0,98 0.99
¢

Fig. 10. The same as in Figs. 8 and 9 for 0.94 <& <0.99.

TLS with higher modes is reduced to the interaction
of two oscillators with equal frequencies. The interac-
tion removes the degeneracy. The greater the interaction
between oscillators the greater is the difference between
eigenfrequencies of the joint system [15]. At some dis-
tance between the TLS and NP, the eigenfrequency of the
joint system may coincide with one of the lower multi-
pole modes. In this case, the energy is transferred to this
particular mode causing near regular Rabi oscillations.

This qualitative argument is supported by analytical
estimate. Let us consider Eq. (16) for the Fourier-
transform of the probability amplitude «a(g) for the
population of the TLS excited state at infinite time and
& — 1. For the Fourier-transform this means that we
should evaluate «(g) at zero point:

@ 1 1 1 1
g~ o e C 2 ST
£k oo &Kk
ql—*Zk Py A S D DAy
B I B I
- 2 - 2 £2(1 148254
91— LLi5E) ¢1-LELHEE) (1_52)4
1 1
o (49)
-2

The poles of the last expression are at

g~ xy(—8) . (50)

When & — 1, the value of ¢ at the pole grows. The
Fourier-transform for the kth mode, Eq. (16), shows that
the resonance occurs at gy = —1/k. Thus, when the TLS
approaches the NP, the effective frequency of oscilla-
tions detunes from the frequency wrrLs = wp1/ /2. When
it coincides with g = —1/k, the resonance with the
kth mode occurs. There are no resonances for g< —1,
because modes with the corresponding frequencies do
not exist. This explains the fact that after the dipole res-
onance is reached, the maximum energy is transformed
into the mode with the strongest interaction.
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Fig. 11. The same as in Fig. 9 for a lossy system.
5. The effect of Joule losses

In this section we take into account the influence of the
Joule losses on the plasmonic mode excitation described
above. Firstly, we recall that for a single mode cavity, dis-
sipation leads to either the monotonic exponential decay
of the excited state of the TLS, in the weak coupling
regime, or the exponential decay of the Rabi oscillation,
in the strong coupling regime. To show this we use Eq.
(18) with I)/kl2 = wﬁ, gk = YcM- So we can find poles
of the integrand of Eq. (18), ¢ = w /(g + iycm).

In the weak coupling regime, wr < ycMm, at which
q~ —iwlz2 /vcMm, we have the exponential decay with the
rate a)ﬁ /YcM:

A(t) = exp(—wit/yem). (51)

In the strong coupling regime, wr >> ycm, at which
g ~ fwr —iycm/2,

A(t) = exp(—(ycm/2 + iwr)?). (52)

In Fig. 11, we show the results of the numerical solu-
tion of Eq. (45) in which the Joule losses are taken
into account. The characteristic relaxation time of the
photon radiation of the TLS is much larger than all
other times. Indeed, a typical value of the radiation
time for an atom and a quantum dot are 7,~10""s
and 7,~10711-1071%s, respectively, while the relax-
ation time due to the Joule losses in the NP is of the order
of T~10713-10712 5. Thus, we can neglect the photon
radiation because the exponential decay due to radiation
into the free space is not noticeable on the considered
timescales. We assume that g;~10'2s~! for each NP
mode. In addition, there is strong loss, g'\llO13 s71 due
to radiation in the dipole mode. Loss in the TLS is much
smaller than in the NP, therefore it can be neglected.
Fig. 11 shows the same average probabilities of excita-
tion of the resonator mode, |Bk(t)|2, as shown in Fig. 9.

As one can expect, when the Joule losses are taken
into account, the smaller fraction of the TLS energy

is transferred to the NP modes. In addition, the dipole
mode is excited much less intensively due to the loss
for radiation. However, qualitatively the character of
the resonances and the mode energy distribution is not
changed.

6. Conclusion

In this paper, we consider spontaneous relaxation of a
TLS into a condensation point of the plasmon resonances
of a spherical NP. We show that when the TLS excita-
tion frequency coincides with the condensation point, the
interaction with an infinite number of higher multipole
modes plays the main role in the relaxation process. This
differs from previous studies in which higher multipoles
were considered as corrections.

An infinite countable set of modes plays the role of
a reservoir for the TLS relaxation. This reservoir serves
as a parallel channel for the exponential decay of TLS
excitation and causes an increase in the relaxation rate.
We show, however, that only a fraction of the TLS energy
is transferred to the NP and that the rest of the energy
oscillates. The envelope of the excited state population
of the TLS decays exponentially. The closer the TLS is to
the NP, the smaller the oscillating fraction of the energy.
At the same time, even though the interaction of the TLS
with higher modes is strong, the remaining energy is not
transferred into the condensation point but rather into
lower modes. The reason for this is the resonant partici-
pation of the lower modes in energy transfer. The choice
of the resonance frequency is controlled by the distance
between the TLS and NP.

Relaxation of a TLS occurs in three stages. At the
first stage, the TLS decays exponentially into countable
number of multipole modes located near the conden-
sation point. The characteristic time of this process
iS Texp = 1“’1~0.1/a)p1~10_15 s. At the second stage,
the Rabi oscillations with the characteristic period of
tRabifle_M s arise. Finally, at the third stage, the relax-
ation is again exponential with tJ0u1e~10_13 s due to
Joule losses in metal.

This agrees with the results of Ref. [9] in which
it is shown that the decay rate of a TLS placed near
a metallic spherical particle increases by a few orders
of magnitude when higher multipoles are taken into

account, 1;21“;;"\' 10~ 13s. For comparison: the relaxation

time of an isolated quantum dot is tQD~10_10 s, when
the dipole—dipole interaction is taken into account it
is 748 ~107!%s, and with the Rabi oscillation it is
tRabi~10_13 s. This decrease of the tTreax 1S due to
the Purcell effect caused by the interaction with higher

multipoles that becomes significant when the distance
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between a NP and a TLS decreases. As opposed to the
dipole—dipole interaction, the role of the Joule losses
increases so that the TLS relaxation is mainly determined
by the Joule losses. So that the characteristic relaxation
time of the atom coincides with the Joule relaxation time
7:Joule’\’l()713 S

The relaxation of a quadrupole mode into reservoir
has been considered in Ref. [6]. It has been shown that
taking into account a non-markovian interaction of the
quadrupole mode with the continuum set of reservoir
modes results in the appearance of the Rabi oscilla-
tions between excitations of the quadrupole mode and
the reservoir modes, whereas the markovian descrip-
tion of the interaction predicts exponential decay. In our
case, the Rabi oscillations exist between excitations of
the plasmons and the quantum dot. On this background,
the Rabi oscillation predicted in Ref. [6] can hardly be
observed.

The physical picture considered differs from usual
radiation quenching of a TLS positioned near a plas-
monic structure in which TLS radiation into the free
space is suppressed and most of the energy is trans-
ferred into plasmons because the probability of plasmon
excitation is much higher than radiation of photons. In
our system, the radiation is still suppressed, however
by changing the distance between the TLS and NP, the
energy can be selectively transferred into a desired mode.
This result suggests that it may be possible to create a
tunable frequency converter in nano-optics.

Acknowledgements

This work was partly supported by RFBR Grants
Nos. 12-02-01093, 13-02-00407, 13-02-92660, by the

Dynasty Foundation, and by the NSF under Grant No.
DMR-1312707.

References

[1] V.M. Shalaev, S. Kawata, Nanophotonics with surface plasmons,
in: Advances in Nano-Optics and Nano-Photonics, Elsevier,
Amsterdam, 2007.

[2] S.A. Maier, Plasmonics: Fundamentals and Applications,
Springer, New York, 2007.

[3] S.I. Bozhevolnyi, Plasmonic Nanoguides and Circuits, Pan Stan-
ford Publishing, Singapore, 2008.

[4] L. Novotny, B. Hecht, Principles of Nano-Optics, Cambridge
University Press, Cambridge, 2006.

[5] V.V. Klimov, Nanoplasmonics, Pan Stanford Publishing,
Singapore, 2013.

[6] P. Ginzburg, A.V. Zayats, Non-exponential decay of dark local-
ized surface plasmons, Opt. Express 20 (2012) 6720-6727.

[7] A.N. Oraevsky, Spontaneous emission in a cavity, Phys. Usp. 37
(1994) 393-405.

[8] M.O. Scully, M.S. Zubairy, Quantum Optics, Cambridge Univer-
sity Press, Cambridge, 1997.

[9] A.E. Koenderink, On the use of Purcell factors for plasmon anten-
nas, Opt. Lett. 35 (2010) 4208—4210.

[10] V.V. Klimov, M. Ducloy, V.S. Letokhov, Spontaneous emission
of an atom placed near a prolate nanospheroid, Eur. Phys. J. D 20
(2002) 133-148.

[11] LE. Protsenko, Theory of the dipole nanolaser, Phys. Usp. 55
(2012) 1040-1046.

[12] E. Waks, D. Sridharan, Cavity QED treatment of interactions
between a metal nanoparticle and a dipole emitter, Phys. Rev.
A 82 (2010) 043845.

[13] E.M. Purcell, H.C. Torrey, R.V. Pound, Resonance absorption
by nuclear magnetic moments in a solid, Phys. Rev. 69 (1946)
37-38.

[14] V.P. Bykov, Laser Electrodynamics, Cambridge Scholars,
2008.

[15] K.A. Ingard, Fundamentals of Waves and Oscillations,
Cambridge University Press, Cambridge, 1988.



	Spontaneous radiation of a two-level atom into multipole modes of a plasmonic nanoparticle
	1 Introduction
	2 Time evolution in the limiting cases of continuum of modes and single mode
	3 Multipole modes of the nanoparticle
	3.1 Quantization
	3.2 NP-TLS interaction

	4 Time evolution of the two-level system near the condensation point of eigenmodes of nanoparticle
	5 The effect of Joule losses
	6 Conclusion
	Acknowledgements
	References


