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Operational regimes of lasers
based on gain media with a large
Raman scattering cross-section

E. A. Tereshchenkov'?3, E. S. Andrianov'23™, A. A. Zyablovsky%%3*, A. A. Pukhov3,
A. P.Vinogradov'?3 & A. A. Lisyansky*®

We report on unusual regimes of operation of a laser with a gain medium with a large Raman
scattering cross-section, which is often inherent in new types of gain media such as colloidal and
epitaxial quantum dots and perovskite materials. These media are characterized by a strong electron—
phonon coupling. Using the Fréhlich Hamiltonian to describe the electron—phonon coupling in such
media, we analyze the operation of the system above the lasing threshold. We show that below a
critical value of the Frohlich constant, the laser can only operate in the conventional regime: namely,
there are coherent cavity photons but no coherent phonons. Above the critical value, a new pump rate
threshold appears. Above this threshold, either joint self-oscillations of coherent phonons in the gain
medium and photons in a cavity or a chaotic regime are established. We also find a range of the values
of the Frohlich constant, the pump rate, and the resonator eigenfrequency, in which more than one
dynamical regime of the system is stable. In this case the laser dynamics is determined by the initial
values of the resonator field, the active medium polarization, the population inversion, and phonon
amplitude.

Recent advances in chemistry and nanotechnology have significantly expanded the types of active laser media.
At present, active media based on colloidal? and epitaxial quantum dots (QDs)*>™, perovskites®®, and dye
molecules®!! are characterized by a high gain and are widely used for the miniaturization of lasers'*"!°. As a
rule, the interaction between electrons and optical phonons is strong in active media with large Raman cross-
section'”"". In this case, it becomes possible to amplify phonons through the action of the electromagnetic field
on the electronic subsystem. Thus, in addition to high light amplification, systems with a strong electron-phonon
coupling can effectively amplify optical phonons with a short wavelength and create phonon nanolasers®. This
is facilitated by the fact that the wavelength of an optical phonon at terahertz frequencies is equal to several
nanometers, which corresponds to the typical length scale of nanostructures®!. Since phonons have a relatively
high mean free path (of 100-1000 um)? in the terahertz range, they can provide high resolution when used for
image processing and nanostructure research.

In this work, we focus on the influence of nuclear vibrations in materials with a strong electron-phonon
coupling upon the amplifying properties of conventional lasers. To be specific, we consider amplifying media
based on QDs. In such lasers, the pumping is assumed to be incoherent, and lasing is determined by the inter-
action of the polarization of the QD electronic subsystem with the resonator mode. The coupling of the cavity
electric field and the active medium polarization is treated in the dipole approximation and is characterized by
the Rabi constant®>**, As a rule, the observed gain in conventional lasers is much greater than the gain due to
the stimulated Raman scattering (SRS). Therefore, even in lasers using active media with a strong interaction
between electrons and phonons, the influence of optical phonons on laser operation is usually neglected.

We describe the interaction between the electrons and optical phonons via the Frohlich Hamiltonian'®*-28,
Because of the strong coupling of optical phonons with the electric field, the Frohlich constant of the interaction,
g may be comparable or even larger than the Rabi constant.

We use computer simulation to show that there is a region bounded by the curve g = g, (Dy) in the plane
of parameters (g, Do), where Dy is the population inversion characterizing the incoherent pump. Inside this
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region, only usual lasing regimes are possible—these are the trivial regime without the coherent optical field
and the lasing regime, in which the mean coherent optical field is not zero. In both regimes, coherent phonons
are not excited.

We focus our attention on the regions in which Dy is greater than the laser threshold Dy, oy and the Rabi
frequency is much less than optical frequencies. Outside of the region g < g.(Dy), new operational regimes
appear. One of these new regimes is characterized by the excitation of coherent joint self-oscillations of both an
optical field in the cavity and optical phonons in the gain medium.

We also find that for QDs with a low transverse relaxation rate, a regime with coherent phonons may be trans-
formed into a chaotic regime with a spectrum containing an infinite number of frequencies incommensurable
with optical phonon frequencies.

Finally, we show that in contrast to the conventional lasers, there exists a region of values of g and Dy values
in which two different regimes are stable simultaneously. These regimes may be any pair of the following: the
trivial non-lasing regime, the conventional laser regime, the lasing regime accompanied by coherent phonons,
and the chaotic regime. Regime which is realized in practice is determined by the initial conditions.

Model. We study the dynamics of a laser consisting of a single-mode cavity with the frequency w, and QDs
serving as an active medium. In the QD, the electronic degree of freedom is usually an exciton excitation. The
exciton interacts with the quantized vibrations of the QD nuclei—optical phonons; we consider one optical
phonon mode with the eigenfrequency wj. Since underlying lasing is a resonant phenomenon, we can neglect
the excitation of off-resonant levels and only consider two electronic states of the active medium*—the ground
state ] g>, which is in the valence band, and the excited state |e), which is in the conduction band. The transition
frequency w, between these states corresponds to the excitation of an exciton.

In colloidal QDs and dyes in the optical range, the transverse relaxation rate y, is about 0.001-0.01 eV3°-32,
This is usually much greater than the decay rate in the resonator y,. The relationship between the relaxation rates
Ya K Yo takes place in gas lasers?. We, therefore, can use the gas-laser model to describe the QD-based lasers.

We emphasize that we consider a conventional laser scheme that differs from the Raman laser. As opposed
to the case considered here, in the latter, pumping is coherent, and the laser must have at least two cavity modes
with the frequency difference Aw equal to the phonon frequency wy,. Because the nonlinear Fréhlich interaction
provides the energy flow from the mode with higher frequency to the mode with lower frequency, one does not
have to create population inversion in the active medium.

Below we consider a laser whose cavity size L is small enough to ensure inequality ¢/L 3> w}. Since Aw ~ ¢/L,
this inequality provides Aw > wp, and therefore, the effect of Raman laser can be neglected. In this case, only
one cavity mode is involved in the laser dynamics, and population inversion is necessary. Below we assume that
L K c/wp ~ 100pum.

Before proceeding to the study of the effect of the electron-phonon interaction on the operation of a laser,
we recall the main points of the theory of lasers**** and introduce the corresponding notations.

The system Hamiltonian is the usual Jaynes-Cummings Hamiltonian with two additional terms describing
the energy of intermolecular vibrations of nuclei and the Frohlich Hamiltonian of the interaction of the electronic
and vibrational subsystems!®>-28;

A = hwd'a + hoy 616 + hQp (a6 +a'6) + hopb'h + hgs ' (b*+b) (1)

In Eq. (1), the first term is the Hamiltonian of the electromagnetic field in the cavity, the operators 4" and 4 are
the operators of creation and annihilation of a quantum of the electromagnetic field. These operators satisfy the
commutation relation [a, aT} = 1. The second term describes the Hamiltonian of the QD exciton modeled by a
two-level system. The operators 6 = ! <Tg (eland 6T = |e) <g‘ are transitions operators from the excited state to
the ground state and vice versa, and 6 "5 is the operator of the population of the excited electronic state in the
QD. These operators satisfy the commutation relation [6 7,6 | = D, where the operator D determines the differ-
ence between the populations of the excited and ground states. The third term is the interaction of the QD with
the cavity mode?, Qg = —d,g - E(r) /R is the Rabi constant of the interaction, deg is the matrix element of exciton
transition, and E(r) is the electric field “per one photon” of the cavity mode at the QD location r. The fourth term
in Hamiltonian describes the optical phonon in the harmonic approximation, b'and b are the operators of crea-

tion and annihilation of the phonon; these operators satisfy the commutation relation [b, bq = 1. The last term
is the interaction of the electronic and vibrational subsystems'®?>-2%, The operator b" + b has the meaning of the

operator of the amplitude of the nuclear excitation. The Frohlich constant can be evaluated employing the expres-
sion for the Raman scattering cross-section at the Stokes frequency'®:

4 4 2

oc . A4rm |deg|* w5, g
ross_sec tion — R .

B 3 cth (o —ws + IVG)Z((UU - wSt)2

)

The experimentally measured value of 0¢ross_sec tion for CdSe QDS is Gcross_ sec tion = 4 - 107° A? (see Ref.").
Using the values of the phonon frequency w;, =~ 0.025 eV (which corresponds to the optical phonon in CdSe*)
and the QD dipole moment dg ~ 5 — 10 D, we obtain that the Fréhlich constant is of the order of g ~ 1072 eV
which we use in our study.

Thus, Hamiltonian (1) is applicable for systems consisting of active medium with high Raman scattering
cross-section placed in the cavity. An example of such an active medium is CdSe, CdS, and PbS quantum dots.
Note that, for simplicity, we consider only one optical phonon mode in an active medium.
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To describe relaxation processes, it is necessary to introduce reservoirs®***” which interact with electronic and

phonon subsystems of the QD and the cavity mode. We consider reservoirs describing Ohmic losses in the cav-
ity, energy relaxation of the exciton, energy relaxation of optical phonons, and the phonon reservoir responsible
for exciton dephasing. Eliminating the reservoir degrees of freedom in the Born-Markov approximation results
in the master equation in the Lindblad form***” (for details, see Master equation for the system density matrix
in “Methods” section).

Employing Lindblad equation, one can obtain the equation of motion for the expected values of the involved
operators. To find the operation regimes, we study the evolutions of the expected values of the following opera-
tors: the annihilation operator of the field in the resonator (@) = a, which is proportional to the average field in
the resonator, the operator of the exciton total dipole moment, o = (6 ), the operator of the population inversion

f)> = D of the excited level, and the annihilation operator of optical phonon b = ( b ). As a result, we arrive at

the following equations of motion, which are the expanded Maxwell-Bloch equations (see Derivation of Eqgs.
(3)-(6) in “Methods” section):

da/dt = (—iw, — ya/2)a — iQg0, 3)

do/dt = (—i(ws +g(b+b*)) = yo/2)0 + iQraD, (4)
db/dt = (—iwy, — yp/2)b — ig(D+1)/2, ©)
dD/dt = —(yp + yp)(D — Do) + 2iQg(a'0 — o'a). (6)

The quantities y,, ¥p, and y, have the meaning of the rates of respective relaxation and pump processes,
Yo = VYD + ¥p + 2Vdeph Where yaeph is the dephasing rate””. In Eq. (6), Do = (vp — ¥p)/(¥p + ¥p). We have
neglected the correlations between the operators a and & and the operators a and D, assuming that

<&1A)> ~ <€z> <15> and <&T&> ~ <&T> <& > In addition, we have neglected the correlation between operators band

& assuming that < <b + lA)T) 8> ~ <l3 + ZAJT><(A7> By splitting the correlators, we neglect quantum fluctuations;
in particular, we do not explicitly take into account spontaneous emission. This is correct if we consider the laser
dynamics well below or well above the threshold!#233+36,

Solving Egs. (3)-(6) does not allow for a detailed description of the spontaneous emission process®® but
describes rather well the induced emission?*”. Note that equations (3)-(6) describe an indirect coupling between
the cavity electric field of the cavity mode and the optical phonon of the active medium. Indeed, Eq. (3) includes
the interaction of a with o through the term —iQgo, while Eq. (4) has the term —ig(b + b*)o that couples o with
b. The direct interaction is absent because we assume that QDs are Raman active.

Below, we describe different operational regimes of a laser by three parameters of the problem. The first
parameter is the Frohlich interaction constant g. At g = 0, we deal with a conventional laser. The second relevant
parameter is the pump rate y,. This parameter determines the transition to the lasing regime. As commonly
accepted, we describe the pump rate with the parameter Dy = (¥, — ¥p)/(¥p + ¥p), which is uniquely deter-
mined by yj. The third parameter of our problem is resonator eigenfrequency wj.

Results
The regime of convention laser without excitation of coherent phonons.  The trivial solution that
corresponds to the absence of coherent oscillations of a, o, D, and b has the form

awriy = 0, (7)

Otriv = 0, (8)

Dy = Dy, (9)
—g(Dg + 1)

btriv = g70 (10)

2(wp — ivp/2)

This solution is analogous to the trivial solution for a laser, in which the phonon degree of freedom of the active
medium molecule is not taken into account. Usually, this solution is stable below the lasing threshold. In the case
under consideration, the trivial solution is characterized by a constant expected value of the phonon operator
b, which corresponds to a constant displacement of the nuclei.

By increasing the pumping Dy, we expect, besides the trivial solution, to find a self-oscillating solution. Our
computer simulation shows no coherent phonons in this regime, and the coherent part of b, which we denote
as bpy, is still equal to zero.

Since we are interested in the stationary behavior of the system, namely, the behavior at large times,
t >yl y; v, !, we search for self-oscillating solutions in the trial form:

a = agpt (Do) exp (_iwgent): (11)
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0 = 0gpt(Do) exp (—ia)ge,,t), (12)
D= Dth_opb (13)

_ 8 (Dth_opt + 1)
2(wp — iyp/2)

with still unknown frequency wg.;, and the laser threshold Dyy_gps. Here aopr and ogpr are time-independent
amplitudes of oscillations of a and ¢. Thus, according to Egs. (9) and (13)

(14)

D =Dy if Dy < Dyp_opt and D = Dyy_opt if Do > Din_opt (15)

Substituting Eqs. (11)-(13) into Egs. (3)-(6) and equating the real and imaginary parts of Eq. (4) to zero, we
obtain the following expression for the population inversion Dy,_op and the self-oscillation frequency wgep:

2
(=S Bgen + 222) (0} + 1) — ng® Agen

3
a)bnggen + 5212( (a)i + %)

Din_opt = > (16)

2
VY
(_Sgen% - Agen )/70) (wbnggen + Q%{ (wi + f)) _wbgz% <_5genAgen + Va4}’a + QIZQ) =0, (17)

where Agey = Wgen — wgand Sgen = Wgen — w,. Equations (16) and (17) have terms proportional to gz, resulting
in the dependence of the stationary population inversion and the frequency of self-oscillations on the Fréhlich
constant g.

By introducing the notation

2
®© wpg (Dthfapt + 1)
ws’ (D =Wy — ——————+
o ( thfopt) o w%} i Vb2/4
we can reduce Eq. (17) to the form

w((’g) (Dthfopt) Yo + WaVa
Yo + Ya '

(19)

Ween =

Note that wg,, defined by Eq. (19) is similar to the frequency pulling in the absence of the interaction between
optical phonon and exciton [see Eq. (44) in Maxwell-Bloch equations in the absence of interaction between
exciton and optical phonon in “Methods” section].

Comparing Eq. (19) with Eq. (51) (see Effective change in the exciton frequency due to a constant displace-
ment of the QD nuclei under incoherent pumping in “Methods” section) shows that wg " is the effective transition
frequency of an exciton under the influence of incoherent pumping due to the interaction with an optical phonon.

For the field amplitude in the resonator and the polarization, we obtain the following expressions:

_ ¢ (vp +vp) (Do — Din_opt)

2Ya

iA = y,/2 \/ (v + vp)

iQR Zya

Gopt

>

(20)

Oopt (DO - Dthfopt) .

The quantity Dy_ops has the meaning of the generation threshold for self-oscillation of the cavity field. Such a
behavior corresponds to the Hopf bifurcation®.

The laser regime with excitation of coherent phonons. In this section, we show that the interaction
of an exciton with the optical phonon may lead to the appearance of either a regime with coherent phonons or
deterministic chaos.

Theresonant case, wg = w,(;q ). Let us first consider the resonant case. For this purpose we choose the value

of @, to be equal to the effective exciton frequency ws ', defined in Eq. (18), for any value of g and Dy > Dyy,_op.
In this case, we have two parameters g and Dy that determine operational regimes.

The possible dynamical regimes found with the aid of computer simulations of Egs. (3)-(6) are shown on
plane (g, Do), in Fig. 1. It turns out that there are two threshold values of pumping Dy, which separate differ-
ent regimes. When the pumping Dy is less than the optical threshold Dy;_ops determined by Eq. (16), computer
simulation shows that only trivial solution Egs. (7)-(10) exists and is stable (the blue area in Fig. 1). Note that at
large pumping, disruption of generation occurs. This is due to the increase in the dissipation rate of the exciton
polarization y,; with an increase in the pump rate y,. When the pump rate becomes as high as y, >> v, Vieph»
the dissipation of the polarization becomes so large that laser generation is hindered***.
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Figure 1. Operational regimes in the plane of parameters (g, Dy ). There is no lasing in the blue region

(Do < Dypy_opt (g)), in which only the trivial solution is stable. In the upper blue area, the generation is disrupted
by large pumping. The yellow region is the self-oscillating laser regime without excitation of coherent phonons.
The orange region shows the regime of self-oscillations of coherent phonons and the periodic-in-time part

of the optical field in the cavity. The system parameters are Qg = 0.01 eV, y;, = 0.0002eV, y, = 0.001 eV,

wp =0.01eV,w; = 2.4eV, yYgepn = 0.005eV, and yp = 0.001 eV.

When Dy > Dy_gps» numerical analysis shows of Egs. (3)-(6) that the trivial solution becomes unstable, and
a new self-oscillating solution without coherent phonons arises (see Eq. 20). This solution is stable for any g until
Dy < Dy,_pn(g = 00) (the yellow region in Fig. 1). In this regime, the expected value of the nuclear displacement
due to their coherent vibrations about equilibrium positions is zero, by, = 0. Therefore, despite accounting for the
electron-phonon interaction, the laser radiation spectrum contains neither Stokes nor anti-Stokes frequencies.
It means that nuclei do not take part in self-oscillation. This is exactly what is usually assumed when neglecting
the electron-phonon interaction.

In the region Dy > Dy, _ h(g = oo), our computer simulation of Egs. (3)-(6) shows that there is a curve
Do = Di_ph ( g) of the Hopf bifurcations (the solid curve in Fig. 1). This curve bounds the area (colored in orange
in Fig. 1) in which the lasing regime without coherent phonons becomes unstable, and as we show below, a new
regime with coherent phonons arises. We also show that this is a new Hopf bifurcation leading to the formation
of new self-oscillation at the frequency close to wy.

To study the latter regime, it is convenient to present the trial form for the expected values of the operators
d, 6, D, and b in the following form:

a(t) = (aop + apn(t)) exp (—iwgent ), (1)
o (t) = (0opt + Op(t)) exp (—iwgent), (22)
D(t) = Dn_opt + Dpi(2), (23)

—g (Dth_opt + 1)
2(wp — iyp/2)

Here, we split the amplitudes of a(t), o (¢), D(¢) and b(%) into the time-independent parts (aopt, Topts Di_opts
and —g(Dthfopt + 1)/(2wb — iyp)), corresponding to the conventional laser regime (see Eqs. (11)-(14)), and
the time-dependent parts (a,(t), opn(t), Dpn(t) and byy(t)), forming new non-harmonic self-oscillations
with the period T = 27 /wp gen. The lowest frequency wy gy is the frequency of the excited coherent phonons
Wy gen = 27/ T. Note that wp gey # @p.

We solve Egs. (3)-(6) numerically for different values of g and Dy and consider the presence of time-depend-
ent parts mentioned above.

In order to characterize the transition to the self-oscillation with coherent phonons, we avega_%% the quantities

0

!aph(t) apn ()]s IDsw(t)], and |by,(¢)| over the period of the self-oscillations: {...) = % [ l..|dt, where
f

to> v Ly L yl:l is the time during which the system reaches stationary oscillations, T is the period of new

self-oscillations. Figure 2 shows the dependence of ( | bpn ‘> on the pump rate D, for fixed ¢ > g.,. This depend-

ence behaves like ~ | /Do — Dyy_pp;, which shows that the second Hopf bifurcation occurs at the second threshold

Dup_ph

b(t) = + by (8). (24)

>
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Figure 2. The dependence of ( | bpn |> on the pump rate Dy for fixed g = 0.015eV > g,. Other parameters are
the same as in Fig. 1.
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Figure 3. Dependencies of (a) the cavity electric field |aph (1) | and (b) its phase arg (aph(t)) on time. Dy = 0.6,
g = 0.019eV. Other parameters are the same as in Fig. 1.

In the new regime, the spectrum of the self-oscillations is not characterized by a single frequency
Wy gens the periodic oscillations are not harmonic. These oscillations can be presented as the Fourier series
apn(t) =), anexp (—iwb,ge,,nt), where the coefficients a,, are time-independent. Figure 3a shows the depend-
ence of the stationary self-oscillations of ‘aph‘ on time ¢ for eight periods. Note that we use the term “slowly-
varying amplitude” for the complex variable a,pt + app (), which has the absolute value and the phase. This results
in the modulation of the total phase as well as the phase of phonon part a,y(t) (see Fig. 3b). The period of the
modulation is the same as the period of the modulation of the amplitude of a,; (¢). The reason for this matching
is that both oscillations are due to auto-oscillations of the optical phonons and the Frohlich interaction between
phonons and active medium polarization.

Figure 4a shows the spectrum of the oscillations of | apn(t) ! which is determined by the equality

to+T

1
F)aph|(w) == / dt exp (iwt)|aph(t) , W= NWhgen, €L (25)

T

to

Note that this spectrum determines the spectrum of laser radiation®”*!. The spectrum contains frequencies
that are multiples of the frequency of coherent phonons wy, g, which is a consequence of the interdependence
between a and b. The latter is due to the nonlinearity of the Frohlich interaction between the optical phonon
and the exciton.

Figure 4b shows the projection of the closed cycle of the self-oscillations on the space|al, |b|, and D. One can
see that the system dynamics is presented by a closed curve which is the manifestation of regime periodicity.

Note that as shown on the plane (g, Do) (Fig. 1), the laser threshold Dyj,_,; and the one for self-oscillations
with coherent phonons, Din_ph (g), are different. This means that the excitation of coherent phonons is not a
direct consequence of the Raman scattering of the coherent cavity mode.

The appearance of by, # 0 implies the emergence of coherent phonons. The latter does not appear in sponta-
neous Raman scattering even if the incident field is coherent. Thus, this fact cannot be attributed to the Raman
scattering of the laser mode. This is confirmed by our computer experiment. Figure 1 shows that the threshold
for a coherent harmonic laser mode Dyj,_) and the threshold Dy,_,y, for the appearance of coherent phonons
are different.
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Figure 4. (a) The discreet spectrum F lapn| (w), obtained by our computer simulation confirms Eq. (25),
Dy = 0.6, g = 0.019¢V. (b) The closed cycle of self-oscillation in the space of variables |a(t)],|b(¢)], and |D(¢)|.
The parameters are the same as in Fig. 3.

Usually, the coherent phonons arise in systems at the coherent anti-Stokes Raman spectroscopy (CARS) or
after the onset of Raman lasing. In CARS, the appearance of coherent phonons is associated with the resonant
excitation of optical phonons at the frequency difference of two incident coherent waves'®*>*3. In a conventional
laser and in our scheme, the pumping is incoherent, and the only coherent wave is the resonator mode above the
laser threshold Dyj,_gp;. This is clearly not enough for the CARS mechanism to lead to the excitation of coherent
phonons.

The case of detuning |w, — 0

oscillations is determined by a)((;g ) , which depends on the values &f) 2, Di_opt> and w, (see Eq. 18). In this subsec-

tion, we consider the operational regimes in the case of w,; # ws .

For conventional lasers (g = 0), the optimal condition for lasing is matching the resonator frequency w, with
the transition frequency w,. When this happens, the laser threshold is minimal. With an increase in the differ-
ence|w, — w,|, the lasing threshold Dy;_gp increases. There is the value of |, — we |, at which Dyy,_gpr becomes
greater than Dy. Then, the pump rate is not sufficient to start lasing, and self-oscillation does not appear. The
trivial solution becomes stable again; consequently, the lasing does not occur.

As our computer simulation shows, similar behavior is observed at g # 0. In this case, however, the role of

wg is played by o®. Ata fixed pump rate Do > Dyy,_gpt, with an increase in the difference ‘wu - 0¥

> 0. As noted above, at g # 0, instead of w,, the frequency of self-

, the lasing

threshold also grows, and sooner or later, this should lead to the suppression of lasing. By computer simulation,
we determine for each g the interval of frequencies w,, where lasing is observed. The lasing interval for a con-
ventional laser now transforms into the lasing corridor on the plane (wg, g) (see Fig. 5).

The results of the computer simulation are shown in Fig. 5a. On the plane of the parameters w, and g, the
dependence wg (g) at fixed Do > Dyy_gp; is shown by the blue solid line. The corridor of parameters for which
the lasing is observed (the lasing corridor) is bounded by the dotted lines. Outside of this corridor, only the trivial
solution is stable, and the system does not lase. Below we deal with the parameters inside the lasing corridor.

Inside the lasing corridor, a coherent self-oscillation of phonons in the active medium may occur simultane-
ously with the self-oscillation of the electromagnetic field in the cavity. In Fig. 5a, the region in which coherent
phonons are excited is bounded by the solid black curve. In this figure, the stable solutions with coherent phonons
belong to the area colored in orange.

Usually, the system dynamics is uniquely determined by the external parameters { w4, g, Do } and is independ-
ent on initial conditions of Egs. (3)-(6), {a, o, D, b};_,. The most intriguing of our results is that there is an area
in which two solutions corresponding to different physical regimes are stable. In Fig. 5a, this area lies between
the upper dotted line and the dashed line. Moreover, in the area shown in green, the trivial solution and the
periodic harmonic solution are stable, while in the area colored in brown, the trivial and periodic non-harmonic
solutions are stable. Here, for different values {a, o, D, b};_o, the system arrives at the different stationary state.
For example, in the green area, for the initial conditions close to the trivial solution, the system does not begin
lasing with time. If the initial conditions are far from the trivial solution, at large times, the conventional laser
self-oscillation mode is observed.

It should be noted that each point in Fig. 4 corresponds to a particular system having a specific resonator and
active material. The resonator frequency w, and the Frohlich interaction constant g are plotted along the axes;
the Rabi frequency and the pump rate are fixed. Equations (3)-(6) are solved for each such a system.

The transition from self-oscillations with coherent phonons to chaos. As noted above, in the
absence of the electron-phonon interaction, the laser system could be described by the “gas laser” approxima-
tion, ¥, < ¥, in which the chaotic regime (the Lorenz attractor) does not arise?”. Thus, there is no reason to
expect a transition of the considered system to the strange attractor regime.
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Figure 5. Operational regimes of lasing in the parameter plane (w,,g); (a) ¥ = 0.005¢V and (b)

Yo = 0.002 eV. In the areas colored in blue, lasing is absent; the conventional lasing regime occurs in the
yellow area; the operational regime with coherent phonons occupies the orange area, the regime of the chaotic
operation occurs in the area colored in red; the area where both trivial and common lasing regimes are stable is
colored in green (yellow +blue), the area in which both the common laser regime and the regime with coherent
phonons are stable is colored in brown (orange +blue); finally, the area in which both trivial and chaotic
solutions are stable is colored in purple (red +blue). The other system parameters are Dy = 0.6, 2g = 0.01 eV,
¥p = 0.0002eV,y, = 0.001 eV, w, = 0.01eV, w; =2.4eV,yp = 0.001eV, and y, = 0.004 V.
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Figure 6. Time dynamics|o (¢)|(a) and its spectrum F,|(w) corresponding to the white point in Fig. 5b, in
which the chaotic regime is realized. g = 0.0214 eV and w, = 2.327 eV; other parameters are the same as in
Fig. 5b.

Computer simulation shows that the electron-phonon interaction significantly changes the laser dynamics.
Namely, if the rate of the exciton dephasing y, is reduced (note that the inequality y, < ¥, still holds), then in
the region where coherent phonons may arise, areas of chaos appear. Such a decrease in y; can be achieved, for
example, by lowering the temperature. For such a case, various operational regimes are shown in Fig. 5b.

In Fig. 6, time dynamics|o (¢)| and its spectrum F|,|(w) are shown. The parameters g, Do, and w, correspond
to the white point in Fig. 5b. With the accuracy of our computer simulation, which is about 10~V all frequen-
cies are present in the spectrum. Such a spectrum drastically differs from the discrete spectrum observed for
self-oscillations (Fig. 4a). This is an indication of a chaotic regime.

Conclusions
We have considered a conventional single-mode laser consisting of a resonator and a gain medium. Previous
studies of conventional laser systems ignored high Raman cross-section of active molecules leading to a strong
coupling between excitons and optical phonons. In this work, as far as we know, we consider the effect of the
vibrational degrees of freedom on the laser dynamics for the first time.

We describe the exciton-phonon coupling by the Fréhlich Hamiltonian and find that there exists a critical
value of the Frohlich coupling interaction constant g.,. Below g, the conventional laser dynamics is observed,
above g, new operational regimes arise. The value of this constant g, is about 0.01 eV. This value is realized in
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several types of quantum dots, such as CdSe, CdS, and PbS. The Raman cross-section for these quantum dots
is ~ 4 x 107° A; it corresponds to the Frohlich interaction constant g ~ 0.025 eV, which is of the order of g,.

The parameters wg, g, and Dy uniquely determine the type of solution to equations of motion (3)-(6). We have
done a comprehensive study of the types of solutions for each set of values of the parameters. Different colored
regions in Figs. 1 and 5 correspond to the different types of the obtained solutions.

In one of these regimes, a new type of self-oscillations appears. In this regime, both coherent phonons and
the coherent optical field are involved. The period of these self-oscillations is equal to 277/ wp, g, Where wp ey is
the frequency of generated coherent phonons,. The spectrum of these oscillations contains a series of equidistant
frequencies that differ by the frequency wp g,. The transition to the new self-oscillation regime occurs as the
Hopf bifurcation, as the pump rate increases. The new regime is characterized by its own pump rate threshold
that differs from the lasing threshold.

Another unusual regime is a chaotic laser dynamics, the spectrum of which contains incommensurable
frequencies. This regime is realized for the same values of the Frohlich interaction constant as the previous
regime, but for lesser values of the exciton dephasing rate, y, ~ 1073 €V, that can be achieved, for example, by
lowering temperature.

The most unusual property of the new regimes is that above the second threshold, in certain ranges of the
resonator frequency, the pump rate, and the Frohlich constant, more than one solution of the system equations
of motion are stable. In this region, the the initial values of the resonator field, the active medium polarization,
the population inversion, and the phonon amplitude govern which regime is realized.

In essence, the new self-oscillations described in the paper represent a generator of coherent optical phonons,
which may serve as a basis for phonon nanolaser. Such a device can be used for a substantial resolution enhance-
ment in image processing. In addition, the generation of coherent phonons is important for optomechanical
applications?, in quantum information technology*$, and can be used for quantum operations and protocols*>*.

Methods
Master equation for the system density matrix. To describe the phenomena under consideration, we
use the technique of the Lindblad equation. This equation describes the time-evolution of the density matrix?**+*7

dp dt = 3 1, )+ L4l + L5 9] + L1 (6] + Lyl4) + L 4] (26)
where the superoperators
Li[p] = ”7 (2apat — aTap — pa'a) (27)
and
L505] = %(28,06‘T —6t6p— p6's) (28)

describe energy relaxations of the cavity mode and the exciton, respectively***”. The superoperator
A YD (ont A aAnta  asn
Ls+[p] = f (26706 —667p — p66T) (29)

describes incoherent pumping of the QD exciton®. Note that by incoherent pumping we mean the pumping of
the high-lying energy levels by a coherent or incoherent light whose frequency is higher than w,. Subsequent
nonradiative relaxation of electronic states to the exciton state |e) produces the pumping of the exciton.

The superoperator

_ Vdeph

Lp(p] (2D5D — bDj - pDD) (30)

describes the relaxation of the phase of the exciton dipole moment. This superoperator is responsible for dephas-
ing—the phase destruction of the exciton dipole moment. The quantities ya, Ydeph» ¥p, and y;, have the meaning
of the rates of respective relaxation and pump processes. The last term in Eq. (26) has the form
. b (o5 Rt FtRa  ARtR
L[p] = % (Zb,obT —b'hp — prb) (31)

It describes the energy relaxation of optical phonons?*¥.

Derivation of Eqs. (3)—(6). We start with Lindblad Eq. (26), which explicit form is

Scientific Reports |

(2022) 12:7588 | https://doi.org/10.1038/s41598-022-11588-9 nature portfolio



www.nature.com/scientificreports/

R i JEN At a Ant | At
dp/dt = ?[hwaaTa + hwo 616 + K2k (aaT + aTa)
v
+ hwpbh + hgs'é (13T + B), 1
Ya oo ot _atss  ants
4 (n — —
+2(apa a ap paa)
+ 22 (266"~ %6 — 65) (32)
Vdeph [ A an  An . aan
+ (2D,oD —bbp— ,oDD).
- % (213;)}3* —b'bp — /3?:*8).
To obtain equations of motions of operators in Eq. (32), we use the equality
dA dA . d,éA
—_ = — =1r| —
dt dt dt
that expresses the expected value of the time-derivative of an operator A through the time-derivative of the
density matrix. We also use the invariance with respect to cyclic permutation of operators under the trace, the

following boson commutation relations [&, af} = land [B, ET] = 1for the resonator mode and optical phonon,
and the properties of the two-level system operators: 6D =6, 61D = —6%, 66 =676t =0, DD =1,
676 = (1 + 13) /2,and 667 = (1 - 15) /2. For the expected value of the operator a we have

dajdt =Tr(#p) = —iTr (4eo,d'ap + 4k (46" +3'6)p — apwd’a + apQn(a6" +a'5))

+ %Tr(zaapa* —adap — apa‘a)

= —iTr(wa[8,473) p + [, 416]5) .
+ Doe((24"a — 4" — aa) p) = ~iTr (w4 + 6 5)
+ 2oe(([a",a)a) ) = —iwa(a) — ia(6) — 2(a)
= (—iwq — Ya/2)a — iS0RO.
This is Eq. (3).
For the expected value of the operator &, we obtain
do/dt = Tr(aﬁ) - —iTr(&wa(%T&ﬁ +6Qr(a67 +a76)p + 64616 (iﬁ + B);s)
Ty (&ﬁwga*& +6pQr(a6T +a'6) +65g6"s (B* + b))
+ D2Te (266967 — 66765 — 656"5) + L1x(266"06 — 66675 — 65567
o Yerhp (264D — 6DDp — 65DD)
= —iTr (w56 + 620i[6,67]p + 86 (B + b) 5) + iTr (a6"6 ) (34)
- D1e(66765) - LTx(6676 p) - P Te(46)
= —iw, Tr(6p) — ngr((b + l;T)ﬁﬁ) + IQRTI'<AD,5)

At the last step in obtaining Eq. (34), we introduce the notation y, = ¥p/2 + ¥p/2 + Viepn- Further, we neglect
the correlations between pairs of operators b-+b' and 6, @ and D, assuming that

<<1; + Z)T>6 > = <Z) + BT><6> = (b + b*)o. As a result, we obtain
do/dt = Tr<&,5> = (—i(ws +g(b+b*)) — y5)o + iQpraD. (35)

This is Eq. (4) R
For the expected value of the operator D, we have
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dD/dt = Tr(f),é) = —iTr(Dw, 676 p + DQr (46" +a'6)
+ iTr(ﬁ,ﬁw 676 + Dpr(a6" +a'6) + DpgsTs (13* +b
+ V—DTr(ZDa,oa —Dét6p — Dﬁ&To)
PTI‘(ZDO’ p6 —D661p — Dpé A*)
ydephTr(ZDDpD DPHDp — DpDD)
= —1Tr(QRaa 0 — Qra O’p) + zTr(—QREu%T,ﬁ + QR&T6,5) (36)
+ 21r(26"D6p — D56 — 56 Dp)
+ PTI‘(ZCTDO’ po—Dé6%p— ,6&&U§>

= ZIQRTI'(( 6 — aaT),ﬁ) — VTDTr(AL&TA,@) + —Tr(4&&T,6)

o
=2i0(8'6 —a6") — yp(1+ D) + 5 (1- D)
—(vp + ) (D — Dy) + 2iQr{a’6 — ac™).

In this equation, we introduce the notation Dy = (yp - yD) / (yp + yD). In deriving Eq. (36), we suppose that

<&6T> <a><6T> =ac and< > = <a ><J> = a*o. As a result, we obtain
dD/dt = Tr<f)ﬁ) = —(yp + p) (D — Do) + 2iQ (a*0 — ac™). (37)

This is Eq. (6).
Finally, for the expected value of the operator b, we have

db/dt = Tr(iué) = —iTr (Bwbiﬁl}ﬁ +beste (z} + iﬂ) p— bpwpb'h — bpgsTe <b + 13*))

= —1Tr<a)b [b bTb}p +g6%6 b,b 0
+ %Tr((Z?JTZ)B —bb'b — i:%iz) ,6) = —iTr(a)bBﬁ -l—g&T&[))
{

b e ([508])5) = —ion(B) — i1 + B2~ 72 (8
= (—iwp — yp/2)b — ig(1 + D) /2.
This is Eq. (5).

Maxwell-Bloch equations in the absence of interaction between exciton and optical pho-
non. Weare interested in the expected value of the field annihilation operator in the resonator (@) = a, which
is proportional to the average field in the resonator, the expected values of the total exciton dipole moment

operator, o = <6> and the population inversion <D> = D of the excited level. Using Lindblad equation (26) we

obtain the equations of motion for the expected values of the operators 4, a, &, and & 1333;

da/dt = (—iw, — y4/2)a — iQro, (39)
do/dt = (—iws — Yo /2)0 + iQraD, (40)
dD/dt = —(yp + yp)(D — Dy) + 2iQr (a'o — o'a), (41)

where Do = (vp — vp)/(¥p + ¥D)-
The trivial stationary solution to system of Egs. (39)-(41) is:a = o = 0, D = D¢*. This solution is stable as
long as Dy < Dg 4%, where

4wy — 0o )?
Do = VaV;T (1+ (wq ag ) (42)
4Q% Ya + Vo)
For D > Dy, this solution becomes unstable, and a new stable solution at times t > y;" !, y,;!, y, 7! arises (the

Hopf bifurcation)
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a(t) = 1/ (vp + 7p) (Do — Do) /2yae™ "5,

. 43)
i —00) =72 [(otm) (
Qr ¢ 2a (Do = Doy)e™s",

o(t) =

D= Dth_opt)
where the self-oscillation frequency wg., is determined by the “frequency pulling” formula®>>**;

P Wo Yo + WaVa (44)
en — — -

g Yo + Va

In the general case, this self-oscillating solution becomes unstable if two conditions, y, > yp + ¥ and
Do > DinVa(Va+ YD + Vo) /Yo (VYa — YD — Vo) are met. In this case, a regime of deterministic chaos arises,
which in the phase space of variables, {a, o, D} takes the form of the Lorentz attractor?*. But, since we consider
the case of a “gas laser” (y, < 0)*, even the first of the conditions listed above is never satisfied, and there is
no reason to expect a transition to the strange attractor regime.

Effective change in the exciton frequency due to a constant displacement of the QD nuclei
under incoherent pumping. We begin with considering the QD dynamics in the absence of an external
field, including the resonator field. This helps us to interpret the regimes of the QD generation in the cavity more

Clealrrllyt.he absence of an external field and a resonator, we can put Qg = 0. Equations (3)-(6) are reduced to
da/dt = (—iwa — Va/2)a, (45)
do/dt = (—iw, — ys/2)0 —ig(b+b')o, (46)
db/dt = (—iwy — yp/2)b —ig(D +1)/2, (47)
dD/dt = —(yp + yp) (D — Dy). (48)

The trivial stationary solution to this system has the form:

Dy+1

as =0, og¢ =0, D¢ =Do, by = igm.

(49)
Let us consider the dynamics of small deviations of the QD dipole moment o from this equilibrium position.
Substituting 0 = o + 80, b = by + 8b, and D = D + 8D into Egs. (45)-(48), assuming w, >> g (that is
always satisfied, since wy lies in the optical range and g is in the terahertz range), and implying that the value of
8b is small in comparison with by, we obtain

d(S0)/dt = (—iwy — y5/2)80 — ig (by + ;)80 = (—i(ws + wa) — vo/2)50, (50)
where we have introduced the notation for the phonon effective frequency shift of the QD*:

(trivial) __ wbgz(DO +1)

Dy - 2 2 . (51)
wp + v, /4

Thus, the oscillations of the exciton dipole moment near the equilibrium position occur not at the exciton eigen-

frequency w, but at the shifted frequency ws + wg,. The displacement wgy, is always negative and proportional

to the value Dy + 1, which has the meaning of the population of the excited state of the exciton at a nonzero

pump rate, Dy > —1.
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