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We theoretically investigate the effect of a periodically modulated magnetic field on the

polarization properties of whispering-gallery-modes (WGM) in microdisk resonators. We show

that by matching the modulation frequency to the frequency offset between WGMs with two

mutually perpendicular polarizations one can achieve an enhancement of the magneto-optical

polarization effect by a factor of M1=3Q
ðavÞ
M , where M is the modal order of the WGM and Q

ðavÞ
M is

the geometric average of the quality factors of the TE and TM polarized modes. VC 2011 American
Institute of Physics. [doi:10.1063/1.3670354]

Optical whispering gallery mode (WGM) resonators are

dielectric structures with axial symmetry, in which light,

propagating almost tangentially with respect to their circum-

ference, is confined by total internal reflection. Examples of

such structures are spherical, toroidal, disk, or ring resona-

tors. WGM resonators have attracted a great deal of attention

because their modes are characterized by very small volume

and high (up to 109) quality (Q) factors. The correspondingly

large power build-up inside these resonators has already

made them a platform for a broad variety of studies in ultra-

low threshold lasing,1,2 low power optical non-linearities and

cavity quantum electrodynamics.3–6 These structures also

appear as promising candidates for sensing applications

because the near-field-mediated interaction with the sur-

rounding medium introduces detectable changes in the reso-

nator frequencies.7–11

A question of practical interest is whether the sensitivity

of WGM resonators to small changes in the index of refraction

of the surrounding medium can also be exploited for magnetic

field detection. For example, it is known12–15 that by confining

light in planar cavities one can enhance the magneto-optical

Faraday polarization rotation (FPR) proportionally to the cav-

ity quality factor. A similar effect in WGM resonators, which

have much larger Q-factors, would be of great interest for

multiple applications. However, the magneto-optical proper-

ties of WGM resonators are more complicated than those of

planar cavities, which can be seen from the following simple

arguments. FPR (along with other polarization magneto-

optical effects) depends on the existence of frequency-

degenerate, mutually perpendicular polarizations of light,

which can be combined to form circular (or, more generally,

elliptical) polarization states. Fabry-Perot resonators preserve

this degeneracy and are thus inherently compatible with FPR.

The situation is quite different in WGM resonators where

modes with orthogonal polarizations (usually TE and TM

modes) are non-degenerate, and, therefore do not allow for

standard polarization effects such as FPR.

Despite significant efforts devoted to understanding the

optical properties of WGM resonators, the study of their

magneto-optical response remains virtually unexplored (the

investigation of magnetic-field-induced polarization switch-

ing in Ref. 16 is possibly the only exception). In this letter,

we make an initial foray into this area by theoretically con-

sidering the polarization properties of a dielectric disk in an

axially symmetric external magnetic field. This particular

configuration has the advantage of allowing for a relatively

simple analytical treatment while being readily reproducible

in an experiment. More importantly, it provides insights into

more general features of the magneto-optical properties of

WGMs and their possible applications.

We consider a dielectric disk characterized by a radius R
and refractive index nd surrounded by a medium with refrac-

tive index n0. If the thickness of the disk is much smaller than

any relevant wavelengths in the spectral range under consider-

ation, the high-Q WGM of the disk can be described using a

two-dimensional approximation with a thickness-dependent

effective refractive index determined self-consistently as

described in Ref. 17. Applicability of the two-dimensional

approximation to disks with subwavelength thickness might

appear counterintuitive because this approximation becomes

exact in the opposite limit of infinity long cylinders. It can be

understood, however, by noting that the field of WGM is

strongly confined within the disk with only evanescent tails

protruding outside of the disk in both in-plane and perpendicu-

lar to the plane of the disk directions. In this case, and taking

into account the subwavelength thickness of the disk, one can

introduce the two-dimensional approximation as an averaging

of the field over the thickness of the disk. The validity of this

approach has been verified with rigorous numerical calcula-

tions by several authors, see, for instance, Ref. 18.

Without the external magnetic field, the normal modes

of the disk resonator in this approximation are described by a

two-dimensional wave equation of the form

D?Fðr; tÞ � n2ðrÞ
c2

@2Fðr; tÞ
@t2

¼ 0; (1)

where D? is the two dimensional Laplacian taken with

respect to coordinates in the plane of the disk, nðrÞ ¼ nd
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inside the disk and nðrÞ ¼ n0 outside, and the field function

Fðr; tÞ can represent either TM or TE polarized field. In the

case of TM polarized modes, F is identified with the compo-

nent of the electric field E normal to the disk, while for TE

modes this function represents the analogous component of

the magnetic field B.

Equation (1) is conveniently solved by transforming to

the spectral domain, and by expressing the temporal Fourier

transform of the field Fðr;xÞ in the form of a linear combi-

nation of Bessel (Jm) and Hankel (Hm) functions. The field

scattered by the disk in this case takes the form

Fscðr;xÞ ¼
P

m bmHmðkqÞexpðimuÞ, where x is the spectral

variable, k ¼ x=c with c being the speed of light in vacuum,

while q and u are, respectively, the radial and angular coor-

dinates of the point r in the polar system with origin at the

center of the disk. Maxwell’s boundary conditions relate the

coefficients bm to corresponding coefficients amðxÞ of the

incident field via scattering amplitudes aðTE;TMÞ
m ðxÞ according

to

bðTE;TMÞ
m ðxÞ ¼ aðTE;TMÞ

m ðxÞaðTE;TMÞ
m ðxÞ: (2)

If the incident field is monochromatic, the spectral parameter

in Eq. (2) can be identified with the incident frequency.

WGMs appear in this formulation as scattering resonances

determined by the poles of the respective scattering ampli-

tudes, whose real and imaginary parts give the frequency and

the width of these resonances. For each mode number m and

polarization, there are multiple poles distinguished by their

radial number s � 1 specifying the number of oscillations of

the field in the radial direction. Resonances with s ¼ 1 are

characterized by the highest Q-factors and smallest mode

volumes.

The effect of an external magnetic field H on the optical

properties of the WGMs can be studied with the help of a

phenomenological constitutive relation between the electric

displacement vector D and the electric field E of the form19

DðtÞ ¼ eEðtÞ þ igEðtÞ �HðtÞ, where g is a magneto-optical

constant. Unlike more traditional models, we allow for the

external magnetic field to be time-dependent and assume

that this dependence has the form of HðtÞ ¼ H0cosXt, where

the modulation frequency X is assumed to be much smaller

than the TE and TM resonance frequencies under considera-

tion. Then, in the spectral domain, the constitutive relation

takes the form

DðxÞ ¼ eEðxÞ � igH0 � ½Eðx� XÞ þ Eðxþ XÞ�: (3)

To first order in H, Maxwell’s equations with the consti-

tutive relation, Eq. (3), can again be written in terms of

the normal components of the optical electric, E, and

magnetic, B, fields

D?Eþ x2n2
dE ¼ gx

n2
dq

H0
u
@UðTMÞ

@u
;

D?Bþ x2n2
dB ¼ � gx

q
H0

u
@UðTEÞ

@u
:

(4)

Here, we assumed that H0 is oriented in the plane of the disk

and is characterized by zero radial and u-independent azi-

muthal components. Such a field can be created, for instance,

by a straight current passing through the center of the disk,

or by an alternating uniform electric field perpendicular to

the disk. We also introduced in Eq. (4), the dimensionless

spectral variable x¼ kR and used the normalized radial coor-

dinate q=R! q. Functions UðTMÞðx;XÞ and UðTEÞðx;XÞ on

the right hand side of Eq. (4) are defined as

UðTMÞ � Bðx� XÞ þ Bðxþ XÞ;
UðTEÞ � Eðx� XÞ þ Eðxþ XÞ:

(5)

They introduce coupling not only between the TE and TM

polarized fields but also between their different spectral com-

ponents. When deriving Eq. (4), we neglected frequency X
as compared to x everywhere except in the terms appearing

in Eq. (5). It will be seen below that this approximation is

justified by the resonant nature of the frequency dependence

of UðTM;TEÞ.
To solve Eq. (4) to first order in H0

u, we write

E ¼ Eð0Þ þ Eð1Þ and B ¼ Bð0Þ þ Bð1Þ, where E(0) and B(0) are

TM and TE polarized solutions of Eq. (1) in the absence of

the magnetic field. If the incident field is of TE (TM) polar-

ization one has Eð0Þ ¼ 0 (Bð0Þ ¼ 0). In this case, the magnetic

field-induced correction Eð1Þ (Bð1Þ) satisfies Eq. (4), where

the right-hand side is found using Eð0Þ (Bð0Þ), and the bound-

ary conditions do not contain any incident field. Then, it

can be shown that Eð1Þ (Bð1Þ) outside of the disk can be pre-

sented as a combination of Hankel functions ðEð1Þ;Bð1ÞÞ
¼
P

m bðTM;TEÞ
m Hmðn0kqÞexpðimuÞ with expansion coefficients

given by

bðTMÞ
m ¼ aðTMÞ

m

2pxp
ðTMÞ
m

SðTMÞ
m ; bðTEÞ

m ¼ n0aðTEÞ
m

2pxndp
ðTEÞ
m

SðTEÞ
m ; (6)

where SðTM;TEÞ
m ¼�ðgx=n

kTM;TE

d Þ
Ð 1

0

Ð 2p
0

H0
uðqÞJmðndxqÞð@U

ðTM;TEÞ
0

=@uÞexpðimuÞdqdu with kTM ¼ 2 for TM coefficients and

kTE ¼ 0 in the TE case. The subscript 0 in U
ðTM;TEÞ
0 indicates

that these quantities are calculated with the zero order

internal fields Bð0Þ or Eð0Þ, respectively. Parameters pðTM;TEÞ
m

in Eq. (6) are defined as

pðTEÞ
m ðxÞ ¼ ndJ

0
mðn0xÞJmðndxÞ � n0J

0
mðndxÞJmðn0xÞ

pðTMÞ
m ðxÞ ¼ n0J

0
mðn0xÞJmðndxÞ � ndJ

0
mðndxÞJmðn0xÞ:

(7)

Also, note that in the vicinity of a particular WGM reso-

nance, the scattering amplitudes, aðTM;TEÞ
m ðxÞ, can be written

as

aðTM;TEÞ
m ðxÞ ¼ � icðTM;TEÞ

m

x� x
ðTM;TEÞ
m þ icðTM;TEÞ

m

; (8)

where xðTM;TEÞ
m and cðTM;TEÞ

m are the dimensionless resonance

frequency and width, respectively. Unlike the scattering

amplitudes, pðTM;TEÞ
m ðxÞ, are slowly changing functions of x

and can be replaced by their values at x ¼ xðTM;TEÞ
m .

Using well-known solutions of the single disk scattering

problem, one finds

241107-2 Deych, Meriles, and Menon Appl. Phys. Lett. 99, 241107 (2011)
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bðTM;TEÞ
m ¼ � 2gmaðTM;TEÞ

m ðxÞaðTM;TEÞ
m ðxÞaðTE;TMÞ

m ðx6XÞa0

pxndn
kðTM;TEÞ�1

0 p
ðTMÞ
m ðxÞpðTEÞ

m ðxÞ

�
ð1

0

Hð0Þu qð Þ Jm ndxqð Þ½ �2dq; (9)

where X ¼ XR=c is the dimensionless version of the modula-

tion frequency of the external magnetic field. When deriving

Eq. (9) we neglected X in the arguments of pðTM;TEÞ
m ðxÞ and

the Bessel functions as well as in all other slowly changing

functions of frequency.

Assuming that the incident field excites only a single TM

(TE) WGM with m¼M and is monochromatic with frequency

x0 close to the respective resonance amðxÞ ¼ a0dðx� x0Þ, the

spectral response of the system, according to Eqs. (2) and (9),

can be described as follows. The initial TM (TE) component

oscillates at frequency x ¼ x0 with its amplitude determined

by Eq. (2), which reaches its maximum value when

x0 ¼ x
ðTM;TEÞ
M . At the same time, the induced TE (TM) compo-

nent oscillates at frequencies x ¼ x06X with amplitudes

determined by the products aðTMÞ
m ðx0ÞaðTEÞ

m ðx06XÞaðTEÞ
M

ðx0 þ XÞaðTMÞ
M ðx0Þ (or aðTEÞ

m ðx0ÞaðTMÞ
m ðx06XÞ, respectively). In

order for these amplitudes to have an appreciable value one

has to simultaneously require x0¼x
TMðTEÞ
M and x06X¼x

TEðTMÞ
M

so that both initial and induced polarization components oscil-

late at their own resonance frequencies. This is a frequency

matching condition reflecting conservation of energy in any

nonlinear frequency conversion process. Since in disk resona-

tors xTE
M >xTM

M , this condition can only be fulfilled for the

x0þX amplitude in the case of TM excitation (or for the

x0�X amplitude if the TE mode is originally excited) as

expressed in Eq. (9), provided that X¼xTE
M �xTM

M . Taking into

account that according to Eq. (8) both TE and TM scattering

amplitudes are equal to �1 at exact resonances, we have for

the on-resonance amplitude of the induced polarization

components

b
ðTM;TEÞ
M ¼ �

ðn2
d � n2

0ÞgM4=3KM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q
ðTMÞ
M Q

ðTEÞ
M

q
24=3p2n

kðTM;TEÞþ1

0 t2
a0; (10)

where KM¼
Ð 1

0
H
ð0Þ
u ðqÞ½JMðndxqÞ�2dq characterizes the

strength of the external magnetic field, Q
ðTM;TEÞ
M ¼ x

ðTM;TEÞ
M

=cðTM;TEÞ
M are the Q-factor of the respective mode and t�0:7

is the derivative of the Airy function taken at its first zero.

When deriving Eq. (10), we took into account that for

M	1, ndx
ðTM;TEÞ
M �M and functions p

ðTM;TEÞ
M at the respec-

tive resonances can be estimated as20

���pðTM;TEÞ
M

��� � 2

M

� �2=3

tn0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

Q
ðTM;TEÞ
M ðn2

d � n2
0Þ

s
: (11)

In the case of the magnetic field of a straight wire H0
u ¼ h=q,

one finds, KM � 2h=M for x	 1. This result can actually be

extended to an arbitrary radial dependence of the magnetic

field by taking into account that for M 	 1 and x in the vi-

cinity of the WGM resonance, the Bessel function in the def-

inition of KM is different from zero only in a small interval

M=nx < q < 1. Therefore, unless the external magnetic field

changes fast over this interval, its actual radial dependence

should not affect the dependence of the integral upon M.

Equation (10) demonstrates that by using a periodically

modulated external magnetic field to “bridge” the frequency

difference between TE and TM polarized WGMs one can sig-

nificantly enhance the magneto-optical polarization response

of a WGM cavity. The main enhancements in Eq. (10) is due

to the geometric average of the quality factors of the TE and

TM resonances, which is further amplified by an additional

M1=3 factor, which might provide an extra order of magnitude

enhancement for resonances with significantly large M.

In the standard experimental setup, when one records a

signal in a tapered fiber transmitted beyond the point of con-

tact with the resonator, the induced polarization component

is identified as a transmission maximum when recorded as a

function of the modulation frequency of the magnetic field.

The spectral position of the resonant value of the modulating

frequency is determined by the frequency splitting between

TM and TE modes. The latter can be approximately esti-

mated as x
ðTEÞ
M �ðTMÞ

M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2

d � n2
0

q
=nd.20 Thus, the resonance

value of X is typically a fraction of the free spectral range of

the resonator and scales inversely with its radius.

The dependence of the resonant value of the magnitude

of the polarization-converted signal upon the quality factor

and mode number predicted by Eq. (10) is illustrated in Fig-

ure 1, where we present the resonant value of the enhance-

ment factor jMðXresÞ � jbM=ðgha0Þj calculated directly from

Eq. (9). Normalizing jM(Xres) by the Q-factors of the respec-

tive modes, determined numerically from the poles of the

scattering coefficients aðTM;TEÞ
M , and plotting it as a function

of M, we find that the calculated data follow a M1/3 depend-

ence in agreement with Eq. (10).

The polarization conversion in the case under discussion

is accompanied by up- or down-conversion of frequency

stimulated by the modulated magnetic field. Unlike more tra-

ditional frequency conversion processes utilizing electrical

Kerr nonlinearity,21 the effect considered here is based on

magnetic field induced gyrotropy. Taking into account that

for millimeter sized resonators, X is in the GHz spectral

region, one can see that the effect under consideration

FIG. 1. Resonance value of the enhancement factor versus mode number.

Squares—calculated values, line-fit with the M1=3 dependence.

241107-3 Deych, Meriles, and Menon Appl. Phys. Lett. 99, 241107 (2011)

Downloaded 13 Dec 2011 to 149.4.205.235. Redistribution subject to AIP license or copyright; see http://apl.aip.org/about/rights_and_permissions



provides an additional modality for optical detection of

microwave signals, in which frequency conversion is accom-

panied by polarization conversion as well. For numerical

illustration, we consider a disk resonator with radius

R � 2000 lm, width d � 1 lm and effective refractive index

n � 1:5. Assuming k � 1:5 lm, M � 1:2� 104, and a Q-

factor of order 109, Eq. (11) predicts an enhancement factor

of the order of 109. Thus, taking into account that the

magneto-optical parameter for silica is approximately

g � 4� 10�7T�1,22 we estimate the ratio of the power

of the magnetic-field induced polarization component Pind

to the incident power P0 to be of the order of

Pinc=P0 / jbM=a0j2 � 10�9Pmw=Ad, where Pmw is the power

of the microwave radiation generating the modulated mag-

netic field, and Ad is the area through which this power flows,

both in SI units. For the present geometry—where the micro-

wave energy flows through the side walls of the disk with

area Ad ¼ 2pRd � 1:3� 10�8m2—one can relate the powers

of incident, polarization-converted and microwave signals as

Pind=Pmw � 0:1P0. It is also interesting to rewrite this esti-

mate in terms of the strength of the magnetic field detectable

with this effect. Assuming that one can measure the con-

verted signal of at least one nW of power, we estimate that

with a mW incident signal, this corresponds to detecting an

external magnetic field of 0:1 G.
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